All questions are similar to homework problems.

MATH102 Solutions May 2007
Section A

1. The Taylor series of
f@) ==+ @—-2) " =2 1+ (@ -2)/2) "

is

1 z-2 (2-27 (33—2)3'”:50:(_1)”(:6—2)”‘

271 T3 16 2n+1
n=0

This can also be worked out by computing all derivatives of f at z = 2.
[3 marks]
a) When x = 1 the series is convergent.
[1 mark]
b) When z = 4 the series is not convergent.
[1 mark]

No explanation is required in a) or b).
5=3+141 marks

2(i) Separating the variables, we have

/eydy: /xdm,

9
x
V=—+C.
e 2+
Putting x =1 and y = 0 gives
1
1=-+C
2-!—

or C = %. So we obtain

1 2 +1
= 1n .
Y 2

It is acceptable to leave the answer in the form e¥ = (2% + 1)/2.
2(ii) In standard form, the equation becomes

Using the integrating factor method, the integrating factor is

exp ( / (2/x)d:v> gy



So the equation becomes

d, 2 _ o
7 (yz*) = z°.
Integrating gives
yo? = /£U2d£13 = +C
So the general solution is
=210
Y73
Putting y(1) = 0 gives C = —% and
z 1 _,
y=3730

3 marks for (i) 5 marks for (ii).
[8 marks]

3. Try y = e"®. Then
P —4r+3=0=(r-3)r—1)=0=r=3orr=1.
So the general solution is

y = Ae3® 4+ Be®.

[2 marks]
So y' = 3A4e3® + Be® and the initial conditions y(0) = 2, y'(0) = 1 give
1
A+B=2 34+B=1=24=-1, B=2-A= A=, B:;
So
_ 631: + §eaz
y = 5e”
[3 marks]
[2 4+ 3 = 5 marks]
4. We have 0
lim ——Y  — im — =0,
(2,9)—(0,0),y=0 T2 + xYy + y? -0 x?
Ty L z? 1

li Y lim — = -,
(xvy)ﬂg)r,lo)vy:w 2 + zy + y? 250322 3
So the limits along two different lines as (z,y) — (0,0) are different, and the
overall limit does not exist.
[4 marks]

5.
of

T

= 423 — 12zy?,



% = 4y% — 1227%y,
Iy
0% f 2 2
o0 f
—24
OyOx Y
o0 f
=24
0xdy Y
so that these last two are equal, and
0% f > 2
— = 12y° — 122°.
oy?
So we also have ‘ )
AP A0
ox2 oy
as required.[5 marks]
6. We have
of _ 2zy + yz cos(zyz)
or yry Yz),
g—;j = 2? + zz cos(zyz),
a_JZ" = zy cos(zyz)
[3 marks]

By the Chain Rule,

dF _9fde  Of dy , 9f dz
dt Oz dt Oydt Ozdt

So
dF of of of
a0 = gy 210+ 502, -1,0) - 52(2,-1,0)
:—4+4_(_2):2
[2 marks]
[3 + 2 = 5 marks]
7. For TYz
fey2) = e e
we have 2
B yz 3 2x°yz .
Vf(x,y,z)— <$2+y2+z2 (:1:2+y2+22)2>1



Tz 2xy2 Ty 2wy 2>
+ - 5 — = - > It | = - 5 — : — ) k.
332 + yZ + ZZ (CUZ + yZ + ZZ)Z ZL’Z + yZ + ZZ (CUZ + yZ + ZZ)Z
So

Vi(1,1,1) = <§ _ ;) (i+j+k) = %(i+j+k).

3 marks
The derivative of f in the direction i — 2j — 2k is

VALLY.(i-2-2k) 1 -3 _ 1
VIR (22 9 39
[2 marks]
[3 4+ 2 = 5 marks.]
8. For
fla,y) = 2y — 22y +y° — 15y,
we have 5 5
—f =2zy — 2y —f = — 2z + 2y — 15.
ox Jy
[2 marks]
So at a stationary point,
2y(x —1)=0=2a> —22+2y—15
& (z,y) =(1,8) or (—3,0) or (5,0).
[2 marks]
o f o f o f
A=— =2y, B= =2r—2,C=— =2.
o2 oyox 7 y?

For (z,y) =(1,8), A=16, B=0and C =2. So AC-B?>=32>0A4>0
and (1,8) is a local minimum.

For (z,y) = (—3,0), we have A =0, B= -8, C = 2. So AC — B? <0, and
(—3,0) is a saddle.

For (z,y) = (5,0), we have A = 0, B =8, C = 2. So AC — B? <0, and
(5,0) is again a saddle.
[4 marks]
[2 + 2 + 4 = 8 marks]

9. For
f(z,y) =

ZL“Z—y2

we have

of 2z of 2y
Oz (a2 —y?)*" Oy (¢ —y?)?*



So

1 of 4 Of 2
2,)Y=-, —(2,1)=—=, =—(2,1)=—.
f(? ) 37 6.’1,'(7 ) 97 6y(7 ) 9
So the linear approximation is
1 4 2
———(r—2)+=(y—1).
- 5@=2)+ -1

[It would be acceptable to realise that
fly)=B+4@-2+ (-2 -2 -y - D)~

:%(H%(w—l)—g(y—1>+%(w_2)2_%(y_1)2>

and to expand out.]
[4 marks]

10. The domain of integration is the triangle as shown

Y

1,1
This integral can be written as / / dydx or / / dzdy. So we have
y

/ / ey/wd:vdy—/ / ev/*dxdy
:/ [:cey/w} o d:c:/ z(e — 1)dx
0 y=0 0

“[ens]-

[6 marks]



Section B

11. (i) The Taylor series of f at 0 is

o0
L—y+y> =) (-1)"y"
n=0
[3 marks]
Putting y = 22, the Taylor series of g at 0 is
Z(_l)n;UZn‘
n=0

[2 marks]
Integrating, the Taylor series of h(x) = tan™'(x) at 0 is

f: (_1)n $2n+1
2n+1 ’

n=0

[2 marks]

(ii) We have
f(n+1)(y) = ()" + D1 +y) "

Now (1)
f (C) n+l __ (_1)n+1(1 +C)7n72yn+1

Rn 70 = T\ -
,0) (n+1)! Y
for some ¢ between 0 and y. Since ¢ > 0, |[(1 +¢)""2?| < 1. So

|Rn(y,0) < [(=1)" Tyt <yt

[3 marks]
So
T . T
|/ R, (t*,0)dt| g/ |R,(t%,0)|dt
0 0
</ Tpngy = T
~—Jo 2n+3
[2 marks]

(iii) _

1 1 1 1 1

1
Py(1,0)=1— =+ = — — 4+ — —
2(1,0) tyTrto T nt s T T T 1D

373799 105 T3 T a1

2 2 2 2 2 1

= 0.808078952.....

1

21



Meanwhile

% = 0.785398163...

So the difference is < 0.0247. This is < 1/23 = 0.0434.. as required.
[3 marks]
3+2+2+4+34+2+3 =15 marks.

12. For the complementary solution in both cases, if we try y = e"* we need
2 —d4r —5=(r—5)(r+1)=0,

that is, » = 5 or —1. So the complementary solution is Ae®® + Be ~.

[3 marks]

(i) We try y, = Ce®. Then y, = Ce® =y,. Soy, — 4y, — 5y, = —8C. So
C = —% So the general solution is

1
y = Ae’® + Be™® — Eew.

[2 marks]
This gives
1
y' =5A4e° — Be " — Eew.
So putting ¢ = 0, the boundary conditions give
1 1 3 1 4
A+B—§ =1, 5A—B—§_—1 = 64=1, B_§—A$A_g, B_g.

So the solution is

[3 marks]
(ii) We try y, = Cz? + Dz + E. Then Yp(r) = 2Cx + D and y, = 2C. So

yy — 4y, — 5y, = (2C — 4D — 5E) + 2(-8C — 5D) — 5Cx” = —5z° + 2 + 5.
Comparing coefficients, we obtain
—5C =-5, -8C —-5D =2, 2C —4D —-5E =5.

So
C=1, D=-2, 10-5E=5=>E=1

So the general solution is
Ae® 4 Be " +2? — 2z + 1.
[4 marks] This gives

y'(z) = 54e® — Be ™ + 2z — 2.



So putting z = 0, the boundary conditions give

1 1
A+B+l=1 5A-B-2=-1%4=-B 6A=1=4=¢ B=—C.
So ) )
y:ge5$—ge*$+x2—2x—l—1.
[3 marks]

3+2+3+4+ 3 =15 marks]

13a)
We have
Vi=w+1)i+zj
Vg = 6zi + 2yj.
[2 marks]

At a stationary point of f we have
y+1l=2=0= (z,y) = (0,-1).

This is in the set where g(z,y) < 3. (The point is easily seen to be a saddle and
so cannot be a maximum of minimum of f on the set where g < 3, but we shall
not use this.)
[2 marks]

At a stationary point of f on g = 3, we have Vf = AVg, that is,

y+1=6x)\, z=2y\=>y(y+1)—32>=0.
On g = 3, we have 322 = 3 — y2, so
20 +y—3=(2y+3)(y—1)=0.

Soy=1lory= —% So the stationary points of f restricted to g = 3 are

(£/2/3,1), (ﬂ:%—%)

[6 marks]
Now we check the values of f at all these points. We have

F0,-1) =0, f(v/2/3,1)=2v/2/3, f(-V2/3,1) = -2V/2/3,

1 3 1 1 3 1
f(ﬁ"i) =/ (‘57‘5) =T

So the minimum value is —24/2/3 achieved as (—+/2/3,1) and the maximum

value is 24/2/3, achieved at (1/2/3,1).



[5 marks]
[2+2+6+5 =15 marks.]

14a).The region R is as shown.

; (1,2)

The weight W is

1,22 1 371 1
/ / xdydz :/ 2idr = [:v_} =-.
0 T 0 3 0 3

[5 marks]
14b) Then
1 1 2z
fzw/o : 22 dydz
1 471
3
= 3d = —_— = —
[ eoemal] -
[5 marks]
1 1 2z
y:W 0/1‘ zydydx
1 272 1
:3/56{21—] dm:g/az3daz
0 2], 2 Jo
_9fat] 9
204, 8
So -
(ﬂf,y):<z,§>



[5 marks]
[3 x 5 = 15 marks.]

10



