All questions are similar to homework problems.

MATH102 Solutions May 2006
Section A

1. The Taylor series of f(z) =2 2 =(1+ (z —1)) 2 is

1-2(x—1)+ %(m -1)% - %(m — 1) = (=) (4 (@ — D)™

This can also be worked out by computing all derivatives of f at z = 1.
[3 marks]
a) When 2 = 0.5 the series is convergent and equal to f(0.5) = 4.
[1 mark]
b) When z = 2 the series is not convergent to f(2) = &. In fact, the series is
not convergent.
[1 mark]
No explanation is required in a) or b).
5 =3+ 141 marks

2(i) Separating the variables, we have

/ydy = —/sinmdm,

2
% =cosz + C,

or

y = +v2C + 2cosz.

Putting y(0) = 1 gives 2C = —1 and y = ++/2cosz — 1.
2(ii) Using the integrating factor method, and the integrating factor is

oo f 1) =

So the equation becomes

d —I xr

—(ye =e".

o we ")
Integrating gives

ye ¥ =e® 4+ C.
So the general solution is

y = e** + Ce”.

Putting y(O) =2givesC =1andy = €27 4 o7
3 marks for (i) 4 marks for (ii).
[7 marks]



3. Try y = e"x. Then
P 4+2r—15=0=(r—3)(r+5) =0=r=—-50rr=3.
So the general solution is

y = Ae3® + Be 2,

[2 marks]
So y' = 3A4e3* —5Be 5% and the initial conditions y(0) = 2, y'(0) = —1 give
7 9
A+B=2, 3A-5B=-1-8B=T1, AZQ_B:>B:§, Azg-
So . :
y=ge+ge
[3 marks]
[2 + 3 = 5 marks]
4. We have
: z’y® 0
lim ——— = lim — =0,
(z,y)—=(0,0),y=0 x* + y*  z—0 z*
z?y? ozt 1

li 7 —lim = ==,
(wyy)ﬁl(IOI}O)ﬂ:x zt +yt 250 2z 2

So the limits along two different lines as (z,y) — (0,0) are different, and the
overall limit does not exist.

[4 marks]

5. o i .
3 = 2zy cos(z”y), o = cos(z7y),
% = 2y cos(z’y) — 4z’y” sin(z’y),
8?/2(9]; = 2z cos(z’y) — 22%y sin(z%y),
669326]; = 2z cos(z?y) — 22y sin(z?y),

so that these last two are equal, and

2
(;_y]; = —z*sin(2%y).

[5 marks]



6. We have

ou ou Oov ov
T Tk i ik
By the Chain Rule,
dg _of ou of ov
%(iﬂay) = %(Uav)%(m,y) - %(Uav)%(%y)
of of
- 2%(“’5’0) - %(’U,,U)
Similarly,
g of of
(w.9) = Gnl.0) + 25 (1,0)
Similarly,

% o (50 *f o o f
2w =2 (25500 - oL w0)) - (2pe () — S h w0
i >’ f i

4(9 5 (u,v) + W(U’U) - 4auav(u,v).
Similarly,
9. o (O 0 f 0 f &
8—312(35,21) = <6 5 (u,v) + 26 ay(%”)) +2 <m(uav) + 2@(%”))
_0*f O f o f
= 9 5 (u,v) +4 7 5 (u,v) +46uav(u,v).

Adding, we obtain

0%g &g °f o*f
lwa+ S hewa) =5 (52w + Thaw).
[6 marks]
7. For 1 1 1
f@,y,2) = —+ —+ —
Ty Yz xZ
we have

Vi@,y,2) = (=22 + 27 )i+ (-y @ +27)i+ (=@ +y Tk

So
Vf(1,1,1) = —2i — 2j — 2k.

3 marks
The tangent plane at (1,1,1) is

VILLD.((z-1Di+(y—-1Di+(-1)k=0,



or
—2(x—1)—2(y—1)—2(z—1) =0,
or
z+y+2-3=0.

[2 marks]
[3 4+ 2 = 5 marks.]

8. For
f(z,y) = v’z + 2y + 22° — 3,
we have o7 o7
L =y 4+ y+4r—3, = =z(2y+2).
5y =Y T tde " B3y z(2y +2)
[2 marks]

So at a stationary point,
2y +2)=0=9y*+2y+42-32=0=(y+3)(y— 1) ory+1=0=4z—4

& (z,y) = (0,1) or (0,—3) or (1,-1).
[2 marks]

o’ f o0 f
A=g5=4 B=ga =u+20=755 =2
For (z,y) = (0,1) or (0,-3) we have C = 0 and B # 0. So AC — B2 < 0 and
these points are saddle points.
For (z,y) = (1,—1), wehave A=4, B=0,C=2. So A >0, AC—-B?>>0
and (1,—1) is a minimum.
[4 marks]
[2 + 2 + 4 = 8 marks]

o*f

9. For )
f(may) m,
we have
of .2 of %
Oz~ (22 +y»)?" Oy (¢ +y*
> 1 of 1 of 1
f(l’l):§’ %(1’1):_57 8_]/(1’1):_5

So the linear approximation is



[It would be acceptable to realise that

flay)=2+2@z -+ @-1)*+2@y -1+ @y -1~

1 1 1
=50+ E-D+-D+5E@-1"+30 -1
and to expand out.]
[4 marks]

10. In polar coordinates (r,6), D is the set where r < 1 and 0 < 6 < 27 (by
choice of argument). Also, 2% + y> = r? and dazdy = rdrdf. So

2 2 2m 1 2 2m ]_ 2 r=1
// e TV dedy :/ / re” dr :/ {—e" ] db
D o Jo 0 2 r=0
2m

1
:/0 5(6—1)d0:7r(e—1).
[6 marks]

Section B

11-d(i) a) f'(2) = 3(4+2)71/%, f'(2) = —1(4+2) %% So f(0) =2, f'(0) = 1
an

1 1
Pi(2,0) =2+ Zz, Ri(z,0) = _§(4+ c)_3/222

for some ¢ between 0 and z.
[3 marks]
If |2| < 2 and c is between 0 and z then (4 +¢)~3/2 < 273/2 and

1 1
Ri(z,0)] < 22 = )
| R (2 )|_8.2\/§ VG
[3 marks]
)b) ¢'(z) = —sinz, ¢"(z) = —cosz, g (z) = sinz, g™ (z) = cosz. So
9(0) =1, ¢'(0) = 0, g"(0) = ~1, g®(0) = 0, and
x? cosc ,
P3(z,0)=1-— = R3(z,0) = T

for some ¢ between 0 and z.
[4 marks]
Since | cosc| < 1 we have

X

|Rs(,0)| <

[1 mark]



(ii) y? = 8+ 2(cosz — 1). Then y = v/2f(cosx —1). So for P;(z,0) and R;(z,0)
as in (i)a),
Yy = \/iPl(COSI‘ - 1)0) + \/§R1(67 0))

1
=2 <£ + Zcosa:) + Ry(c,0)

for some ¢ between 0 and cosz — 1. Since —2
—2<¢<0, and by (i)a) V2|Ri(cosz — 1,0)|
[4 marks.]

cosz —1 <0 for all z, we have

L
I

12. For the complementary solution in both cases, if we try y = €™ we need
r+4r+3=(r+1)(r+3)=0,

that is, » = —1 or —3. So the complementary solution is Ae~* + Be 3%,
[3 marks]
(i) We try y, = Cx + D. Then y, = C and y, = 0. So y, + 4y, + 3y, =
4C+3Cx+3D =3z+1. SoC =1and 3D =1 —4C, that is, D = —1. So the
general solution is

y=Ae *+ Be 3 42 —1.

[3 marks]
This gives
y' = —Ae™® —3Be™3% 4 1.

So putting = 0, the boundary conditions give

A+B—1=1, —A-3B+1=2 = —2B=3, A:2—B:>B:—;, A:;

So the solution is

[3 marks]
(ii) We try y, = Csinz + Dcosz. Then y,(z) = Ccosz — Dsinz and y, =
—C'sinx — Dcosz. So

yn + 4y, + 3y, = (2C — 4D)sinz + (4C 4 2D) cosz = 5sinz.

So D = —2C and 10C' = 5 So the general solution is
—T —3x 1 :
y=Ae * + Be +§smx—cosa:.
[3 marks] This gives

1
y'(r) = —Ae™® — 3Be 3% + 3 cosa + sin



So putting xz = 0, the boundary conditions give

1 1
A+B—1=1, —A—3B+ 22> 98— A=9-BopB=—L 4=1
2 2 4 4
So
= Ee*”” - Ze*M +lsinx—cosa:
Y=73 4 2 '
[3 marks]

[5 x 3 = 15 marks]

13a) The area is A(x,y) = 4wy if the vertices of the rectangle are at (+x, £y)
with 2 > 0,y > 0.

[1 mark]
We have
VA = 4yi + 4xj
Vg = 6zi + 10yj.
[2 marks]

At a stationary point of A on g = 10, we have VA = \g, that is,
4y = 6z, 4r = 10y\ = (62° — 10y*)A = 0.

If A =0 then & = y = 0, which is inconsistent with g = 10. So 622 — 10y?> = 0
and z = ﬁ:\/%y. The condition g = 10 then gives 10y? = 10 and y = +1. So
the maximum area is 4\/%.
[5 marks]
b) We have

Vf = 2xi — 2yj.

[1 mark]

The only stationary point of f is 2z = —2y = 0, that is, (z,y) = (0,0),
which is inside the ellipse and f(0,0) = 0. [One can note that this is a saddle
point and therefore not a local maximum of minimum but this turns out to be
unnecessary. |
2 marks.

For a stationary point on the ellipse, we have VA = Ag, that is 2z = 6z
and —2y = 10y\. So either z =0 and A = —1; or A = 3 and y = 0. We cannot
have z = y = 0 since g = 10. If z = 0 then the condition g = 10 gives y? = 2
and f = —2. If y = 0 then the condition g = 10 gives 32> =10 and f = . So
the maximum and minimum values of f are % and —2.

[14+2+4+5+1+2+4=15marks.]

14a). The line y = x — 2 meets the parabola x = y? when y? —y — 2 = 0, that
is, (y +1)(y —2) = 0. When y = —1 then z = 1 and when y = 2 = 4 The



parabola is to the left of the line. The region R is as shown.

Yy

[3 marks]
The area A is

2 yt2 2
/ / dxdy = / (y +2 —y*H)dy
—1 y2 —1

2 372
1 1
:{y_my_y_} :2+4_§_§+2__:2
-1

2 3 3 3 2
[4 marks]
14b) Then
1 2 y+2
T=— xdzdy
A/—l/yQ
9 12 g2 y+2 1 2
25/ {3 dy:g/(y2+4y+4—y4)dy
-1 y2 -1
1[y? ) w1? 1/8 32 1 1
= |24y —Z| == (=4+8+48-4-—244-—=
9[3+y+y5_193++ S
_172_8
T95 5
[4 marks]
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Nol il V]
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[4 marks]
[34+4+4+4 =15 marks.]
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