MATH 011 Exam Solutions Sept 2007

Py2R)? 2Py’ :
(a) P x'z [2 marks]
b -9 (b—3)(b+3) b+3
b = = ) 2 k
) e +9 (b— 3)2 b—3 [2 marks]
3 1 3+ 1
2 = = — 4 k
x2—|—3x+x—|—3 r(x+3) = [4 marks|
(a) 2* —x —20= (z —5)(z +4) so solutions are r =5,z = —4. [2 marks]
134+ 4/169 —4 x 10 x (=3 13+ 17
(b) Using the quadratic formula z = \/ 5 =9 =—( —oor—
2
3 [2 marks]

(a) y = 3z — 6 represents a straight line with slope 3 meeting the y-axis at y = —6.
[2 marks]

(b) y = 2% + 4x — 5 is a quadratic curve, which is U-shaped, crossing the y-axis

at y = —5 and the z-axis at * = 1,2 = —5. The curve is symmetric about the line
x = —4/2 = —2. The bottom point is at z = —2,y = —9. [3 marks]

(c) y=|z*+ 4z — 5| is given from (b) by reflecting the part below the z-axis in the
x-axis. [3 marks]

1+3
Put y = ;7?, and solve for x in terms of y = f(z). Then (22 —5)y = 1 + 3z so
x J—
2xy — by = 1 + 3z, giving z(2y — 3) = 1 + 5y.

1+ 5y B 1+ 5z
Th = f-1 = d 1 = .
us = [~ (y) 2 3 and so f~(z) 57 —3

[3 marks]

1—r" 36 -1
@ (a) Either use the formula a . " withr = 3,a = 3,n =6, giving 3 x 31 = 1092,

or simply add up the 6 terms. ' [3 marks]
(b) The formula is N ir' [1 marks]
5 5
Here a = 2,7 = 2, giving the sum as ; i : = % =3 [2 marks]
(a) limw: limwﬁi:—— as n — 00. [2 marks]
nooo 5 2p2 | nmeo 5 9 72

(b) Putting x = —2 in the bottom of the fraction gives 0, as also in the top. Factorise

to write
?—zx—6 (r—3)(x+2) x—3

x?2—4 (z—-2)(x+2) x-2
Now put 2 = —2 to get the limit 2. [2 marks]
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(a) Put u=3z—5. Then y= (3z—5)°=u’so

dy dy du

= 5u' x 3 =15(3z — 5)".
o= Tuds =bu" x 3 =153z — 5)

(b) Put u=a3+2. Then y = (2® +2)3 = u3 and

dy 4 1 du 4 1 1
%ZEUBX%:§B X 372 —4x(x +2)3.
(c) y=2%sinz = wv with u = 2% v = sin .
d d d
% di+vd—u—x6cosx+6x sin .

Sept 2007

[2 marks]

[3 marks]

[3 marks]

dy dy
@ The slope of the tangent is the value of T at x = 1. Now -2 = 622, so the slope is

6. When x = 1 we have y = —3, so the tangent line has equation y + 3= 6(95 — 1), giving

y =6z —9.

[3 marks]
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(a) /(cos:p+3x4—2)dx:/cosxdx+3/x4dx—2/1d:p:sin:p—l—%xf’—Qx—I—C'

[4 marks]
(b) / e dr = $e + C. [2 marks]
qu % . 1 % 1 1 1
(a) / sin 6z dx = [—gcos6x}0 = —5CosT + gcos0 = 3. [3 marks]
0

(b) Substitute u = 4x — 3 so that du = 4dx. Then

g =

2 4 r=2 u=5
1:/ dx:/ ldu:/ du=[Inu]} =In5—Inl=In5(= 1.61).
1 4x—3 z=1 u

=1

[3 marks]
112(i) Differentiate the LHS to get
3 x 42® + 2(2* 24y —|— 2xy) — 3y2§y
[4 marks]
The RHS has derivative 0 giving the equation 122>+ 22> Zy +4xy —3y? Zy 0. [1 marks]
Then (2z* — 3y2)@ = —122° —day  so &y _ M [2 marks]

dz dx 3y? — 22

—4
7 = 8 and the line
has equation y + 1 = 8(z — 1), so that y = 8x — 9. [4 marks]
(iii) If this line meets the curve y = z? + 25 at a point with the horizontal coordinate

x, then 22 + 25 = 8z — 9, giving the quadratic equation 22 — 8z + 16 = 0. The only solution
is © = 4 so the line and the curve meet in exactly one point. [4 marks]

12
(ii) The slope of the tangent line when = = 1,y = —1 is then 3

113|(a) Put u=2— cosz. Then y = In(2 — cosz) = Inu, so

dy dy du_lx(, )= sin x
dr — du dx_u R pp——
[3 marks]
(b) y=e*"3Bz —1) = uwv with u = €***3 v = 3z — 1.
d d d
é = ué + vé =¥ X 34+ (3r — 1) x 213 = 23 (61 + 1).
[4 marks]
d du d
(¢) Inwu = sin®z, put w = sinz. Then u = w®. Hence S0 _ 20 T 3w xcosa =
dr  dw dx

d
3sin® z cos z. Therefore d—(sin3 r —22° +4) = 3sin®z cosx — 102", [4 marks]
T
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du du dw

d) Putu=sin®zand w =sinz. Then u = w® and — = — x — = 3w? x (cosx) =
(d) dr dw dx ( )
3sin® x cosx. Setting also v = 222 — 3, we have
.3 d d
4 sin'z  du_ Vg Uy
dr2x?2 -3 dxwv v?
(22% — 3) x 3sin® rcosx — sin’ z x 4x

(222 — 3)2
[4 marks]

[14]i) The stationary points occur where f'(z) = 0 and the inflection points where
f"(z) = 0. Now f'(z) = 32* + 2z — 2 and f"(z) = 6z + 2. [3 marks|
The inflection point occurs where z = —5 = 0.33 and f(z) = —% = —0.74. [l marks]
2+ I¥2d

G -

1

3
The stationary points are given by the quadratic formula as z =

—14+7
3

and a local maximum, where f”(z) < 0.

= 0.55 or —1.22. These are respectively a local minimum, where f”(z) > 0,

The corresponding values of f(z) are —0.63 and 2.11. [2 marks]

(i) The curve y = 2 + 2? — 2z crosses the z-axis when z3 + 2? — 2z = 0. This

happens when z = 0 or when 22 +x — 2 =0, giving z = —2 or x = 1 as well. [2 marks]
(iii) Using the information from (a) and (b), sketch the curve y = z* + 2% — 2z.

[3 marks]

(iv) The total area bounded by the curve and the z-axis is made up of two pieces, one

between r = —2 and x = 0, and the other between x = 0 and x = 1. These are found as

0 1 4 1
‘/ f(x) dx| and / f(x) dx‘. Now [ f(z)dx = [(2® 4+ 2* — 2x) dw = % + gxg — 2?, giving
-2 0

the first area as |4 —8/3 — 4| = 8/3 and the second as |1/4+41/3 — 1| = 5/12 making a total
of 37/12 = 3.08. [4 marks]

[15)(a) Substitute u = z* + 3. Then du = 423dz, so

I:/xBSin(x4—|—3)dx:/lsinudu: —tcosu+ C = —%cos(z* + 3) + C.

4 4
[4 marks]
(b) Substitute ¢ = tanx. Then dt = sec? z dz, so
I= /tan5xseCQx dr = /t5dt = % +C = gtan®z + C.
[4 marks]
(¢) Substitute z = 2sint. Then dx = 2 costdt. Therefore
1 d =1 2 t z=1 9 t =1 -
]:/71.:/ Ldt: &t: dtZ[t]i,é
0 V4 —2a? ©=0 /4 — 4sin’t =0 /4 cos?t z=0

Now when z = 0 we have ¢t = 0 and when £ = 1 we have 1 = 2sint so that sint = % and

t = §. Consequently I = [t]izg/fi = (% —0)=10.52. [7 marks]
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