SECTION A

1. (a) In R[z] find polynomials ¢(x) and r(z) such that
2% +22° -3zt + 2 — 2 —1=q(z)(2® +22° + 1) +r(2)

where either r(z) = 0 or the degree of r(z) is less than that of 2% — 1.
(b) In Rz], divide f(z) = 2° — 22* + 223 + 2 — 1 by 2 — 3 and show
that the remainder is f(3).

(c) In the field of complex numbers, find the nearest Gaussian integer
11 — 4z

5+
Hence or otherwise find Gaussian integers

to

a+ bi,c+ di(a,b,c,d € Z)

such that 11 — 44 = (5 +1)(a + b)) + (¢ + di) where ¢* + d* < 26. [9 marks]

S={3a+ib:a,beZ},R={a+ib:abe Z} (the Gaussian

(1) S={a+3ib:a,beZ},R={a+ib:a,be Z} (the Gaussian
integers).

(iif) §={f(%):fe€Zll},R=2Z]

(b) Decide, giving reasons, in which of the following cases I is an ideal
of R, where

Q) I={3n+1:n€Z},R=2

(i) I={3n:ne€Z},R=12Z

(i) T={F:fe€2l)f(0) =1}, R=2[

(iv) I={f:feZz],f(0)=0},R=Z|x] [9 marks|
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3. (a) Express each of the following elements as a product of irreducibles
in the given ring
(i) 13in Z.
(ii)) 2in {a+ib:a,b € Z} (the Gaussian integers).
(iii) 6 in Z.
) 6in {a+ib:a,b € Z} the Gaussian integers

(b) Express the polynomial > + z + 1 as a product of irreducible
polynomials in each of the following rings

(i) Zz].
(i) Zy[z].
(i) Zr[z|. [9 marks|

(iv

4. Prove that 22 + 1 is irreducible over F5;. Find two other distinct
irreducible polynomials of degree 2 over F3. By considering the ring F;3[z]
subject to the side condition z? + 1 = 0 write down a multiplication table
for Fy and show that the non-zero elements of Fy form a cyclic group under
multiplication. [9 marks]

5. Show that the affine plane over F3 has 9 points and 12 lines, and that
the affine plane over F5 has 4 points and 6 lines. Show that there is a Steiner
system S(2,3,12).

Dr Rayner has taught a first year class for twelve years. Fach year he tells
exactly three jokes; he never repeats the same pair of jokes (in any order) in
any one year. Find the smallest number of jokes he must know. [9 marks|

6. Consider the following words in F§: 110110, 011011, 101101, 000000.
Show that they form a group code which can detect three errors and correct
one. Decide whether or not this code is cyclic. In each of the following cases,
find the distance of w from each of the four code words, and indicate whether
there is a nearest one.

(a) w=110101.
(b) w = 111111.
(c) w=111100. [10 marks|
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SECTION B

7. (a) Say what is meant by an euclidean domain.
(b) Show that for any field F, F[z] is an euclidean domain.
(c) Let f=ab+2*—23+2°+1landg=0a*+2>+1.
Calculate ¢ and r such that f = gg + r and the degree of r is less than
four.

(d) Prove that any common divisor of g and r is a divisor of f, and
also that any common divisor of f and g is a divisor of 7.

(e) Repeat the calculation in (¢) with g and r in the place of f and
g. Hence find the highest common factor i (say) of f and g and find two
polynomials  and v such that h = fu + gv. [15 marks]

8. Show that z* + 1 is divisible by z? + x + 2 over F3, and hence or
otherwise express 28 — 1 as a product of irreducible factors over Fj.

Show that z* + 23 + z + 2 is a divisor of 2% + 2 over F3, and considering
the ideal generated by this polynomial in Fs[z]/(z® — 1)F3[z] show that

OO O M= O N
SO == O FNO
S = R, O~ NOO
_— =0 =N OO

generates a cyclic code A of length 8. Show that A has 81 words, and find a
a parity check matrix H for A. Verify that the ranks of the matrices G and
H are both four, and that HG = 0. [15 marks]
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9. Let

H =

—
— = O
O = =
—_ o =
O = O
—-— o O
o O =

By solving the linear equations

‘a1
T3
T3
H Ty = O,
Ts
Te
Z7

or otherwise, find a generator matrix for a code C with parity check matrix
H. Show that C has sixteen words, and can correct one error.

Draw up a table of syndromes and coset leaders for C, and where possible
correct any errors in the following words: 1111010, 1000100, 1110001 and
1110000. [15 marks]

10. Show that the affine plane over F4 has 16 points and 20 lines. Draw
up a schedule for an experiment in which all possible combinations of four
varieties of wheat and four types of fertiliser are compared by four experi-
mental farms over a period of five years. Each year, each farm tests all four
varieties of wheat and all four kinds of fertiliser in different combinations on
four experimental plots. Each pair of possible combinations of one variety
of wheat and one kind of fertiliser is tested once and once only during the
experiment. [15 marks]

11. Say what is meant by a quadratic residue code.

Make a list of the irreducible polynomials of degree one and of degree
three over Fy , and calculate their product.

Find a generator matrix and a parity check matrix for a cyclic code C of
length seven generated by one of the irreducible polynomials of degree three
over Fs.

Show that the equation z? = 2 has two roots in Fy.

Show that C is a quadratic residue code, and hence find its minimum
distance. [15 marks]
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Solutions

1. (a)
10 -3 5
1201172 -3 0 1 -1 -1
12 0 1
-3 -1 1 -1
5 1 2 -1
5 10 0 5
-9 2 -6

(b)

1 1 5 12 37
1 -3|1 -2 2 =3 1 -1
1 -3
1 2
1 -3
5 -3
5 —15
12 1
12 -36
37 -1
37 —111
110

Hence quotient = z* + 23 + 522 + 12z + 37, remainder = 110.
Also f(3)=35—-23%4+23%3-332+3—-1=110.
—4i _ (11—4i)(5—i) _ 59-31i _ .
() 1é+? = ((5+i)()5(—i)) = 592631 =2+ % -1+ %)Z'
Nearest Gauflian integer is 2 — 7, so use this as the quotient ¢+ id,
thus 11 —4i = (5+414)(2 — i) + e+ if, whence e = 0 and f = 1.

2. (a) i 1g ¢ S, not a subring.
ii. S is a subring because S is closed under + and x 1g = 140: €
S. (a1 + 3iby) £ (ag + 3iby) = (a1 £ ay) + 3(by £ by)i and
((1,1 + 3Zb1) X ((1,2 + 3Zb2) = (a1a2 — 9b1b2) + 3(a1b2 + azbl)
iii. S is a subring. S is closed under + and X
lp=14+0z3+...€8S.
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3.

Z CLiIBi + szl‘sz = E(CLZ + bz)iE& es
Y a;x¥. Y b = Y 3 (aib;)2* ) € S
(b) i. Nolel,butl4+1¢1I

ii. Yes Closed under +
3ny £+ 3ny = 3(ny £ ny) and Vr € Z3nr €

iii. No0¢ I
iv. Yes f(0) =0,9(0) =0 = f+glo =0and rf|y = r(0)f(0) =
r(0).0 = 0.

(a) (i) 13 (ii) (1 +4)(1 —4) (i) 2 x 3 (iv) 3(1 +4)(1 — %)
(b) (i) 224+ z+1 (ii) 22 + z + 1 (since f(0) = f(1) = 1 there are no
roots in Z,. (iii)(z — 2)(x — 4) (since f(2) = f(4) = 0).

F;|0 1 2
22+11 2 2

22 + 1 has no linear factor. The other ireducible polynomials are z2 +
z — 1 and 22 — z — 1. The other polynomials of degree 2 are reducible
2tz -1+ +1=(+ 1422 +2x+1=(z—1)2

In the quotient ring, denote the image of z by i, so that 2 = —1.

X 1 -1 1 1+1 1—1 -1 —i+1 —i-1

1 1 -1 1 1+1 1—1 -4 —i+1 —i-1

-1 -1 1 - —1—1 —i4+1 i 1—1 1+1

) i —1 -1 —-1+7 —i-1 1 144 1—1
1+1 i1+1 —i-—1 1—1 —1 1 1—1 -1 i
1—1 t1—1 —i+1 —-1-—4 1 i 144 —4 -1
—1 —1 ) 1 1—13 i+ 1 -1 -1—-¢ —-1+43
—i+1] —i+1 1—1 144 -1 - —1—3 ) 1
—i—1]—-1—-1 t+1 1—4 ] -1 1—1 1 —1

The orders of the elements may be found from the multiplication table.
The order of 1 is 1, of —1 is 2, of ¢ is 4, and of 1 + 4 is 8 (no further
calculation needed). The group has order 8 and so is cyclic, generated
by 1+ .

. The points are pairs (a,b), where ¢ = 0,1,—1 and b = 0,1, —1. There

are nine possiblities. There are lines of the form y = mz + ¢ (three
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possibilities for each of m and ¢, so nine altogether) and of the form
x = a (three possibilities). Regarding the twelve lines as varieties in a
combinatorial design, these are triples, any two points lie on a unique
line. Thus we have an S(2,3,12). Now assume the jokes are distinct
and distinguishable. Any two jokes occur in only one year of the twelve
(and with a minimal set of minimal jokes, must occur in one year), so
we have an S(2,3,12). There are therefore nine jokes.

. Let @ = 110110, b = 011011, ¢ = 101101, d = 000000. Then a + b = c,
b+c=ac+a=band a+b+c=d=0. The set is closed under +.
It is a linear space code over F.

The minimum weight of a code word is three. The code can detect two
errors and correct one. The code is cyclic because if the last symbol is
moved to the first place a becomes b, b becomes ¢, and ¢ becomes a.
(And if you must, d becomes d.) For 110101, distance to a is 2, to b is
4,to cis 2, to dis 4. For 111111, distance to a is 2, to b is 2, to c is 2,
to d is 6. For 111100, distance to a is 2, to b is 4, to c is 2, to d is 4.

. An E.D. is an I.D. R with a function e: R\ 0 — N such that (i)
e(zy) > e(x)(z # 0,y # 0) (ii) Vz,y(y # 0)3¢, r such that z = yqg +
r and either r = 0 or e(r) < e(y). F|z] with e = degree satisfies (i)
because e(fg) = e(f) + e(g) > e(f) and satisfies (ii) because ¢ and r
may be found by synthetic division. (c) By inspection f = gz?+ (—z3+
1).(They might set out formal synthetic division, which is easy to write
but long to type!). If d divides g and r then d divides gq + r = f. If
d divides both f and ¢ then d divides f — gg = r. (d) repeating the
calculation, division of z* + 22 + 1 by —a3 + 1 gives ' + 22 + 1 =
—z(—23+1) + 2%+ z+ 1. Next division of —z3 +1 by 2? + z + 1 is as
follows

-1 1
111/-1 0 01
-1 -1 -1
1 11
1 11

so that —z3 +1 = (—z+1)(2* + 2+ 1) It is now clear that the hef is
’+z+1. Also 2?+z+1 =2+ 22+ 14+ 2(—23+1) = g+z(f —g2?) =
xf + (1 — 2%)g as required.
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1 2 2
11210001
11 2
210
2 21
2 21
2 21
Thus 2* + 1 = (22 + 2 + 2)(2? + 22 + 2). Over F3 these factors are
irreducible: x ‘ 0 1 2 They have no zeros, and hence no

?+r+2[2 1 2
2 +22+2(2 2 1
linear factors. 28 —1 = (zt+1)(z* —1) = (z* + 1)(2? +1)(z + 1) (x +2).
Again 22 +1 is irreducible. 2*+ 23+ 2+ 2 = (22 +1)(22 + 2 +2), so we
have a divisor of 28 —1. z* 423+ 2 +2 generates a cyclic code of length
eight, with matrix G. The column space has a basis of four elements,
hence the code has 3* = 81 words. The parity check matrix H will be
generated by the polynomial (22 —1)(z2+22+2) = 2*+ 223 +22 +z+1.
Thus it is

12111000
01211100
00012111
Rank G is four, from the first four rows, and rank H is four from the

last four columns, and

o O oo
o O o O
o O o O
o O o O

(e}
— O =

—_

—_

o

SO S —y
i
Il
o

—_
[l i )
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Hence

z
T
o)
Z3
Ty
Zs
Te
T

Hence

<~ p1—P3

Ts5 + Tg + T7
Ty + X5+ 27
Ty + X5+ Tg

Ty

Zs

Zg

X7

oo =

oS = O

T4

OO = = = O

0

= o o

1
1
1
0
1
0
0

S OO == O

_— o

SR OO = O

—_ = =

+£E5

R O oo o -

— o
O = =

OO R O R

+£L'6

oL OO+~ O+

+£E7

_ o oo o -

Dimension=4. Number of words = 2* = 16. Minimum weight is three
(for example, enumerate the elements).

10. Points are of the form (a,b) where a, b have four distinnct values each,
thus sixteen altogether. Lines y = max + ¢ four values for m and also for
¢, sixteen of this type and four more lines £ = a. Multiplication table
for Fy, regarded as Fy[x]/(2? + x + 1)Fy[x], writing w for the image of

T is

1 w 14w

1 w 14w

w w 1+w 1
l+w|l+w 1 w

Incidence matrix arranged by parallels is
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11.

C OO R OO OO OOoOoOOoOoOR OO OoOOoOo -
CcC O oo O oOoOoOoOoOoOHr oo o R OoOOoOOoO o -
SR O OO O R OO OO OHrR OO o =
_— OO O R PR OO, OO OoOFrROOoOoOoOo o -
—_— oo o0 oo R OO o R OO, OO O
oSO R OO R P OO o oo R OoOoOOoOOoO—~Oo
SO OO0 oo P OOoOOoOOrRrROOoOOoOOHOoO
cooRroOoOoOoOoOHOOHOOHOOOOO H-=O
o OO R FRPFOOOoOOHrH OO oo, OH OO
— oo OO OO OO o oo HrHr oo+ oo
o RO oo oo oo oo RO OO OoOOo
CcC oo oo o oo oOoOoOHRr O, OO OHOO
SR O o O oo O OHR OO oo R, EFEFOOOo
_— O OO oo OO R OR OO, OH,HOOO
C OO R HF P OODOoOOoOOoOHHRHROOoOFrRrROoOOoOF,OOoOOo
corr oo oHrooocoo+HrHOOoOOoOHOOoOOo

where the columns correspond to the points (0,0),(0,1),(0,w),(0,w +
1),(1,0),(1,1), (1,w),(l,w+1),(w,0),(w, 1), (w,w),(w,w+1),(w+1,0),
(w+1,1),(w+1,w),(w+1,w+1), and the rows to the lines z = 0,z =
lz=wr=w+ly=0y=1ly=wy=w+ly=zy=ac+1ly=
rH+wy=cr4+w+l,y=wry=wr+l,y=wrt+w,y=wr+w-+1,
y=w+zy=(w+z+ly=(w+z+w,y=(w+1)z+w+1.
The first four rows of the matrix correspond to the four expermintal
farms in the first year, the next four to the same farms in the second
year, and so on. The first four columns corerespond to the first variety
of wheat with the four types of fertiliser in order, the next four to the
second variety, and so on. The matrix then gives the schedule required.

z,z+1, 28 4+2?+1, 23+2+1. Note that all other irreducible polynomials
of degree three are divisors of z*° — z(= 2® — z). Now z(z + 1)(z® +
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2?2+ +z+1) =@ +2) 2+ 2+t + a3+ + 2+ 1) =28 — 2.
' —1=(z+ D)@ +22+1)(>+z+1)

O OO - O =
OO = O =M= O
O = OO O
—_ O == OO O

(for 23 + z +1).

Parity check matrix comes from the factor (z + 1)(z® + 22 + 1) =
2+ 22+ +1, and is

oo -
o = o
—_ O =
O ==
— ==
—__ o
- o o

In Z-, 2|0 1 2 345 6.Hencea?=1<=z=3o0rz=4.
2—2[5 6 2 00 2 6
2 is a quadratic residue mod 7. The other squares mod 7 are 0,1,4.

The multiplicative group of Z7 is cyclic of order 6 with {1,2,4 } as the
subgroup of quadratic residues, and it is generated under multiplication
by 3 (for example).

Let o be a primitive 7 th 1ot of unity over Fy, where « lies in Fg and
« is a zero of either 2% + 2% + 1 or of 23 + 2 + 1. We may suppose
it is the first of these. The polynomial (z — a)(z — o?)(z — a*) is
unchanged under automorphisms of Fy fixing Fy (the group of these
being generated by z — x?), and hence has coefficients in F5. In fact it
has to be 23 + 22 4+ 1, which is irreducible over F, and has « as a zero.
The cyclic code generated by z® +x2+1 is therefore a quadratic residue
code C. Because the minimum weight of a quadratic residue code is
not less than the square root of its length, the minimum weight of C is
> /7, i.e strictly greater than 2, so at least 3. But there are words of
length 3, which is therefore the mimimum distance of this linear space
code.
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