2MA65 QUANTUM MECHANICS JANUARY 1999

In this paper bold-face quantities like r represent three-dimensional vectors.

Full marks can be obtained for complete answers to FIVE questions. Only the
best FIVE answers will be counted.



1. A particle of mass m is confined to the region 0 < z < L of the
x-axis. Find the normalised eigenfunctions of the Hamiltonian, and show that
the energy eigenvalues are E,, where

h2m2n?
2mlL?2

At a certain time the particle is in a state described by the normalised wave-
function

n=1,23...

n:

Y(x) = Az 0<zx

o~ A
IAN N

U(z) = A(L - z)
Y(x) =0 x<0 and x>1L,

z<L

where A is real.
(i) Determine the normalisation constant A.

(ii) Calculate the probability that a measurement of the energy will give
the result E;.

2. A particle of mass m and energy E' < 0 moves on the x-axis subject to
a potential V' given by
V=0 lz| > a

V==V lz| < a

where Vj and a are positive constants. Suppose that £ > —V{. Define

2mE 2m(E + WV
> =— 5 and k2:—( 5 0).
h h
(i) Write down the energy eigenfunction equation in the regions |z| < a
and |x| > a. Hence show that the energy eigenfunctions are either odd or even
functions of .

(ii) Show that for an odd solution, k£ must satisfy
kcot(ka) = —v/ a? — k2,

5  2mVp
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where




3. The Hamiltonian for a particle of mass m moving on the x-axis in a
harmonic oscillator potential is

2
1
H = L + —mw?ax?
2m 2
where p
= —ih—
P ! dx

and w is a positive constant.

(i) Show that if we define

11 1 (1
a= ﬁ (ap— zoz:c) and a' = E (ﬂp—i-zozx) ,

where o = \/? , then it follows from the basic commutator [z, p|] = ik that
[a,a’] = 1.

(i) Show by induction that [a, (a")"] = n(a®)"~ .

(iii) The normalised eigenfunctions of the Hamiltonian are given by

1
Y % A )
w’n - \/m(a ) ¢07
where avy = 0. Show that
a, = /np_1 and atin = vV + 1,41
(iv) Write
(a+a")*y,

in terms of ¢, 2, ¥, and ¥, 2. Hence show that
3
< Y|P b >= Zh2m2w2(2n2 +2n 4 1).
[You may find the following identity useful:

[A, BC] = B|A, C] + [A, B|C
for operators A, B and C']



4. The angular momentum operators Li, Ly and L3 satisfy the commuta-
tion relations

[Ly, Lo] = ihLs and cyclic permutations,
which imply
[L2, L] = [L? Ly) = [L? L3] = 0
(where L? = L2 + L3+ L%).
Suppose that |l,m > are the normalised eigenstates such that
Ls|ll,m >=hm|l,m >,  L2l,m>=r%1+1)|l,m>.

(L% and L3 form a complete commuting set of observables, so that these prop-
erties define |I,m > uniquely.)

(i) Defining Ly = Ly +iLy and L_ = Ly — iLo, show that
[Ls,Ly|=hLy, [Ls,L_]=—-hL_.
Hence, using also the commutation relations for L? above, deduce that
Li|l,m>= Nyp|l,m+1>
and
L_{l,m>= M n|l,m—1>,
where N, ,,, and M, ,, are constants.
(ii) A particle is in the normalised angular momentum eigenstate
>= 2|1, —1> +2%|1,1> +¢[1,0>

where z = a 4+ tb, and a , b and c are real. Show that the expectation value
< L3 > of L3 in this state is zero. By writing L; and L, in terms of L, and
L_, compute < L1 > and < L9 > for this state in terms of a, b and c.

[You may assume that in (i), N;,, and M;,, are given by

Nl,m=h\/l(l+1)—m2—m, Ml,mzh\/l(l+1)—m2+m.]




5. The Hamiltonian for a stationary electron of mass m and charge e in
a constant magnetic field B along the z-axis is given by H = hwos, where

_(1 O _ B
03—(0 _1)andw—2m.

(i) By solving Schrodinger’s equation, show that at time ¢ the state of
the electron is given by

Cle—iwt

where ¢, co are constants.

3 2 .
5 3 ) where « is
a real constant. Compute the eigenvalues and normalised eigenvectors of A.
What are the possible results of a measurement of A7

(ii) A certain observable is represented by A = «

(iii) At time t = 0 the observable A is measured, giving a result 5a.. The
system is then left undisturbed until time t. What is the expectation value of
A at time t7



6. The Hamiltonian for a particle of mass m moving in a three-dimensional
harmonic oscillator potential is

5 1
H=-—V?+ imw2r2,

2m
where r = |r| = /22 + y? + 22.

(i) Given that the ground state wave function is 1(r) = Ae=2°°""
where A is real, determine # and the ground state energy Ej.

(ii) Calculate the normalisation constant A.

(iii) The potential is perturbed by the addition of a term AV (r), where
V(r) = r* and X is a small parameter. Show that to first order in ), the ground
state energy is now given by

15 »°
E=Ey+)\———.
ot 4 m3w?

[Standard results in perturbation theory may be assumed without proof.
Moreover, defining I,, = fooo rre—p°r? dr, you may assume that

NZS
Iy =~—
2p
n—1
I, =—
232
You may also assume that the radial part of the Laplacian in spherical polars
is

and

In_g (7?, Z 2)
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7. A particle of mass m moves on the x-axis subject to a potential
V(x) = Az?|,
where A is a positive constant.
Consider a normalised wave function of the form

U(z) = A(a® —2%)  (|z[ < a)
Y(x) =0 otherwise,

where A is real.

(i) Compute the normalisation constant A.

(ii) Show that with this wave function, the expectation value of the
Hamiltonian is given by
5 B2 | 5Xa

H>= ——— )
<= 4ma2+ 64

(iii) Hence use the variational principle to show that an estimate for the
ground state energy is given by

95 [ H5AZ\ ®
EO ~ — .
16 \ 27m3

Is the true ground state energy less than, or greater than, this value?




