2MAG65 January 1998

In this paper bold-face quantities like r represent three-dimensional vectors.

Full marks can be obtained for complete answers to FIVE questions. Only the
best FIVE answers will be counted.



1. A particle of mass m moves on the x-axis in a potential V such that
V=0 (0<zx<L)
V=00 (x<0 and x> L).

Find the normalised eigenfunctions of the Hamiltonian, and show that the en-
ergy eigenvalues are F,, where

h2r2n?
Enzi :1,2,3
2mL>? "
At a certain instant the particle has the following wave function:
2
Y(z) :A(sinz—wﬁ-sin%) (0<z< L)

Y(x)=0 (r<0 and z>1L)
where A is a real, positive normalisation constant.

(i) By writing ¢ () in terms of the normalised eigenfunctions, compute
A.

(i) Show that

L 2
2L
A X COS ?dﬂf = — W (TL Odd)

=0 (n even)

and hence show that the expectation value <x> of x in the state 1) is given by

<>_L1 32
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[The following identity may be useful:
2sin Asin B = cos(A — B) — cos(A + B).]



2. A beam of identical particles of mass m and energy E > 0 is incident
along the z-axis from x < 0 on a potential well
Vieg)==Vo 0<az<L
V(z)=0 <0, z>L
where V is a positive constant.

(i) Write down the current density for a beam of particles with wave-
function 1 (z) = Ae’**. For the potential well above, show that the transmission
coefficient 7', defined as the ratio of the transmitted current density to the
incident current density, is given by

16k%k?
((k + ky)2e=F1L — (k — kyp)2etF1L|2”

2m(E4V;
2B and k7 = 2BV,

(ii) Comment on what happens if k1 L = nx.

where k2 =



3. The Hamiltonian for a particle of mass m moving on the x-axis in a
harmonic oscillator potential is

»?
H = o + 2mw2x2

where [z, p] = ih and w is a positive constant.
(i) If we define

a——(i —iom:) and cﬂ——(i -l—zax)
~ V2 \ha” V2 \ha”

, show that

N

where o = (%)
[a,a’] = 1.

(i) You may assume that H may be rewritten in the form
H = hw(a'a+ 1).
Hence show that, given an energy eigenstate ¢ of H such that Hiy = E, then
H(a") = (E+hw)a'y,  H(ap) = (E — hw)ay.

Assuming that the energy eigenvalues are all greater than or equal to zero,
deduce that there must be a state iy such that aiyy = 0, and that the energy
eigenvalues of H are of the form (n 4+ 3)hw, where n is a positive integer or
ZE€TO0.

(iii) The normalised eigenfunctions of the Hamiltonian are given by

o = —=(ah) 0,

n!

1
where 9y = Ae_%az‘”z, with A = (’g—w) . Using the explicit form for a given
above, with the representation

show that

2
mw
R X

4m3w3 1
wl—z( . ) re~ ,

V2= (%)i (1 - %aﬂ) P ak

and check explicitly that 15 is orthogonal to 1.
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4. The angular momentum operators satisfy the commutation relations
[Ly, Lo] = ihLs and cyclic permutations,
which imply
[L? L] = [L* Ly) = [L*, Ls] =0
(where L? = L + L3 + L3).
From the commutation relations it is possible to deduce the following re-

sults (which you may assume): There exist normalised eigenfunctions |I,m>
such that

Ls|l, m> = hm|l, m>, L2|l, m> = R21(1 4+ 1)|l, m>,

where 2! is a positive integer and the possible values of m are —I, —l+1,...1—1,1.
Moreover,
Llt,m>= Nigull,m + 1>

and
L_[l,m>= Mjm|l,m—1>,

where Ly = Ly +iLy and L_ = Ly —iLy, and N;,, and M, ,, are real, positive
constants.

(i) Show that
LiL_=L%—-L}+HhLs

and

L_Ly=L*—L%—hLs.

(ii) By considering the norms of Ly |l,m> and L_|l,m>, and noting
that (L)' = L_, show that

Nign =h{l(l+1) —m?—m}3,  Mym=h{l(l+1)—m?+m}>.

(iii) The angular momentum operator in the direction in the zy plane
making an angle f# with the x-axis is given by Ly = L;cosf + Lysinf. Show
that this may be written in the form Ly = (Lye™% + L_e®).

(iv) A particle is in the normalised state
A(]2,1> —12,0>).

Calculate the normalisation constant A, and the expectation value of Ly in this
state.



5. The Hamiltonian for a stationary electron of mass m and charge e in
a constant magnetic field B along the z-axis is given by H = hwos, where

_(1 O _ B
03—(0 _1)andw—2m.

(i) By solving Schrodinger’s equation, show that at time ¢ the state of
the electron is given by

Cle—iwt

where ¢, co are constants.

2 1 .
1 92/ where « is
a real constant. Compute the eigenvalues and normalised eigenvectors of A.
What are the possible results of a measurement of A?

(iii) Suppose that at t = 0 the state has the normalised form ¥ (0) =

(ii) A certain observable is represented by A = «

< 1) By writing v (t) as a linear combination of the eigenvectors of A, find

V2
the probabilities of each possible result for a measurement of A at time t. What
is the effect on the system of such a measurement?

6. The Hamiltonian for a particle of mass m moving on the x-axis in a
harmonic oscillator potential is

where w is a positive constant.

The normalised ground state and first excited state are given by

2, 2

_14252 _1
Yo = Ae 2% and Y = Bre 247 |

N[

where a = (%) , and

2 3
AP=—, |BP==_
NS NS
Show by explicit calculation that i)y and 1)1 are both eigenfunctions of the above
Hamiltonian, and write down the corresponding energy eigenvalues.

The Hamiltonian is perturbed by the addition of a potential A\V (), where
V(x) = |z| and A is a small parameter. Show that to first order in A, the energy
of the first excited state is now

3 2
—hw + 2\ (i> ;
2 Tmw

[You may assume, without proof, general results from perturbation theory.]



7. State briefly how the variational method is used to estimate the ground
state energy of a quantum mechanical system.

A particle of mass m moves in three dimensions subject to a potential

A
V(r) =~ 1>

r2
where ) is a positive constant, and r = |r| = (22 +y%+22)2. Using a trial wave
function of the form (r) = Ae=A", B > 0, where A is chosen so that 1(r) is

normalised, show that

H>=
<>2m 4 \ 2

Hence use the variational principle to show that an approximation to the ground

state energy is given by
1
9 3 2)\4 3
EO ~ ( mnr ) .

i (5)

32\ 4p?
[You may assume that the radial part of the Laplacian in spherical polars is
92 290
o T rar
and also that fooo rte=brdr = bn"}rl for n a positive integer and b > 0 and

[ rzetrdr = 3VE for b > 0.
b3



