Instructions to candidates

Full marks can be obtained for complete answers to FIVE questions. Only the
best five answers will be taken into account.



1. Write down the differential equation satisfied by the function y(z) for
which the functional

b
Ily] = / Fla,y,y)de  y(a) = o, u(b) = v

is stationary.

Show that if F' is not an explicit function of = then the extremal curve
satisfies the equation

F =C

!
V' oy
where C 1s a constant.

For the case

1
2
Iy] = / y'(1—y")de  y(0)=0, y(1)=1
0
show that the extremal curve satisfies the equation

dy

dx Yy

where ¢ is a constant. Hence find the extremal curve. Calculate I[y] both for
the extremal curve and for the straight line joining the two end points. What
can you conclude about the nature of the extremum?



2. A dynamical system with one degree of freedom ¢(t) is described by the

Lagrangian L(q, ¢,t), where ¢ = %. Write down Lagrange’s equation.

The Hamiltonian H is defined as follows:
H(q,p,t) =p¢— L

where p = %. Show that, given Lagrange’s equation, it follows that Hamilton’s
equations:

OH . 0H .

— =—p and — =

9q dp

are also true.

A particle of mass m in motion on the z-axis in a potential V'(z) is described
by the Hamiltonian:
2
P _
H(:C,p,t) = %6 ot + V(l’)

where « is a positive constant. Write down Hamilton’s equations for the system.
Given initial conditions z(0) = 0 and p(0) = po, find z(t) for the two cases

(i)

V =V, where Vj is constant
(i)

V =kx, where k is a constant.

For both cases, describe what happens to the particle as t — oc.

3. The functions u(z,y) and v(z,y) satisfy the simultaneous partial differ-
ential equations

ou Ou Ov
25, + 3y gy =0
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3o T35, 5, =0

Show that this system of differential equations is hyperbolic, with characteris-
tics:
x4+ y = [ = constant

r + 6y = o = constant
Hence show that the Riemann invariants of the system are u + 3v = constant
and 3u + 4v = constant.

Find solutions u(z,y) and v(z,y) such that u(z,0) = v(z,0) = 2%, and
verify that they satisfy the original equations.



4. Show that the partial differential equation

0%z 0%z 0z 0Oz
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is hyperbolic, with characteristics
v=uzy and n=y/x.
Hence show that Equation (1) may be written in canonical form as:

0%z 0z
4771/87781/ — 2na—n =—-F

Find the general solution of Equation (1) in terms of z and y for the case

0 0 ‘
F=z2Z —y—Z—|—4y2.
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5. (i) Show that the conformal transformation

fl—=z
w=1
142z
maps the interior of the unit circle |z| = 1 into the upper half w-plane, Imw > 0.

Indicate in a diagram how the two semicircles |z| = 1,Imz > 0 and |z| =
1,Im z < 0 are mapped into the w-plane.

(ii) Show that & =1 — %qb, where w = u + iv = pe'?, is a function
harmonic in the upper-half w-plane, taking the values ® = 0 for v < 0,v =0
and ® =1 for u > 0,v =0.

(iii) Using (i) and (ii), construct a function harmonic inside the unit
circle |z| = 1, taking prescribed values F(6) on its circumference as follows:

FH) =1 for 0<f<m
=0 for w<0<2nm.



6. Given that the Fourier Transform of a function f(z) suitably defined on
the interval —oco < z < 0o is

F{f(z);w} = f(w) = /_OO f(x)e™ ™" dz,

show that

-F{e_a%g;w}:: N

where a is a positive constant.
The function u(x,t) satisfies the partial differential equation
ou  ,0%
R i
ot dx?’
for t > 0 and with ¢ constant, and boundary conditions as follows:
u(z,0) =g(z), u,uy — 0asz — +oo.

By using a Fourier Transform, show that u(z,t) is given by:

1 > 2
u(z,t) = ﬁ /_oog(;r: + 2c2v/t)e ™ dz.

Hence find u(z,t) for the case g(z) = Ad(z), where A is a constant, and d(z) is
the Dirac §-function.

7. Describe the Method of Variation of Arbitrary Constants for the solution
of ordinary linear differential equations.

Using the method, or otherwise, find the general solution of the differential
equation

Py dy
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