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Instructions to candidates
Answer FOUR questions.

In this paper i,j and k represent unit vectors parallel to the x,y and z axes
respectively.



1.

(a) If ¢(z,y, 2) = 322y — y32?, find V¢ at the point (1,—2, —1).

(b)

[5 marks]

Given
V= (z+5y°)i+ (y — 42)j + (2° + a2)k,

determine the constant a so that V.V = 0.

[3 marks]

Given
A = 2%yi — 2222 + 22y2k,

find V x (V x A),V(V.A) and V2A, where, in Cartesian coordi-

nates,
VA = (V2A,)i+ (V2A,)j + (VALK
Verify that
V x (VxA)=V(V.A) - V?A.

[17 marks]



2. Stokes’s theorem for vector integrals states that for any vector field A,

fA.dr:/curlA.ndS,
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where the simple closed curve C' is the boundary of the open surface S, and n
is the unit normal to S. Indicate how the direction of the normal is related to
the direction of traversal of C.

Calculate curlA for a vector of the form
A = M(z,y)i+ N(z,y)j.

Using this result and Stokes’s theorem, or otherwise, prove Green’s theorem,
which states that

j{(deJrNdy // (8—N—8—M> dxdy

where S is a closed region of the xy plane bounded by C.

[7 marks]

Verify Green’s theorem for the case M = 22 —y?, N = 2? +y?, when the region
S is the triangle bounded by the lines z =1, y = 0 and = = y.

[18 marks]



3. The divergence theorem for vector integrals states that for any vector
field A,
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where the volume V is enclosed by the surface S.

(a) Given r = zi + yj + zk, calculate divr. Verify the divergence theorem
for the case A = r, for the cases

(i) A sphere of radius a, centre the origin.

(ii) A cube with sides of length a and one corner at the origin,
choosing axes along the three edges meeting at O.

[22 marks]

(b) Calculate divE, where E = r/r3. Comment on the result, with reference
to Gauss’s theorem for the electric flux through a closed surface.

[3 marks]
(For a vector field of the form A = f(r)r, if  # 0 then
1d
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4. The temperature T'(z,t) of a uniform rod lying on the positive z-axis
from x = 0 to « = L satisfies the equation:

oT  ,0°T

ot " a2
where « is a constant. The ends of the rod are kept at 7' = 0 for all ¢, and
at t = 0 the initial temperature distribution is given by T'(x,0) = ¢(x). Given
also that T'(x,t) — 0 as t — oo, use the Method of Separation of Variables to
show that a solution which satisfies the boundary conditions is

T(z,t) = E Ape” L7 'sin (@)
n=1

L

A, = %/OL ¢(z) sin (712—33) dx.

where

[16 marks]
Given that

L
QS(.T):TO for 0<.’17<§

L
¢(x) =0 for §<x<L

where Tj is a constant, show that

)

nmw
and evaluate A, Ao, A3 and A4.

[9 marks]



5. In plane polar coordinates, Laplace’s equation in two dimensions takes
the form

9’® 109 182q>_0 )
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Using the method of separation of variables, show that all single-valued solutions

of this equation in the region 0 < a < r < b (where a and b are constants) which

are of the form
® = F(r)G(0)

are given by

o Bn
P=A+Blnr+ E <Anr”+—) (C,, cosnf + D,, sinnf)
Tn

n=1

where A, B, A,,, B,,C,, D, are constants.

[18 marks]

The potential function ® satisfies Eq. (1) in the region 0 < a < r < b and takes
the values ® = 0 on r = @ and ® = pcosf on r = b (where p is a constant).

Show that ; )
o = 172217 (7"— %) cosf.

[7 marks]



