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Polymeric Fluids

Time allowed:3 hours
Answer FIVE of the SEVEN questions.

All questions carry equal marks.

In the power-law fluid model the shear stresss equal toc = K|¥|"~!¥, where K andn
are positive constants.

(a) Explain what is meant by the ternshear thinning andshear thickening and state the
range of values of, for which the power law fluid is shear-thinning or shear-ieiging.

(b) A power-law fluid is driven along a cylindrical pipe of radiusby a pressure gradient
% = —(@. Show that the shear stresss given in terms of the shear-rateby

1
o= —§Gr.

Find the form of the fluid velocity, and sketch a graph showingr) for (a) n = 0.5,
(b) n =1 and (c)n = 2. Explain the differences in the velocity profiles.

(c) Calculate the volume fluxQ) = 27 fo" rwdr down the pipe. A Newtonian fluid of
viscosity 1+ and a power-law fluid of index = 0.5 have the same volume flow rate
down a pipe of radius when a pressure gradiett is applied. Find the increase in
the volume flow -rate of each fluid if:

(i) the pressure gradient is doubled fr@mto 2G,
(ii) the pipe is replaced by a pipe of radis.
Explain why the volume flow rate of the shear-thinning fluidasv larger in both cases.
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2. (@) Write down the equations of mass and momentum conservairoanf incompressible
fluid with pressurep, density,p, extra stressg, and velocity,u, that is subject to a

gravitational acceleratiog. Under what circumstances can fluid inertia be neglected
and how does this simplify these equations?

(b) Using the appropriate formulae for cylindrical polar caaetes write down the velocity
gradient for a flow in which the fluid velocity is given in cydirical polar coordinates
(r,0,2) by u = (0,v(r),0). Show that the-d component of the strain-rate tensar,

1 rd /v
E/r, p— —' = - — (—) y
o 27 20r \r

where+ is the local shear-rate. Define the shear viscogity,), and first and second

normal stress differencesy; (%) and Ny(¥), in terms of the components of the extra
stress tensos .

(c) A vertical rod of radius: rotates at an angular velocity in a polymeric fluid in which
p(i) =no,  N(9) =49, No(§) =0,

wherey, and A are both positive constants. Write down the componentseofrib-

mentum equation on the assumption that fluid inertia is gédgé, and show that this
leads to the following equations

i (1%3) =0,

72 Or
0 B A,
5 <_p+azz> - ?7 )
pe (—p—l—Uzz) = pg.

Hence find the fluid velocity () and show that

. 20a?
Y=
(d) If the top surface is open to the atmosphere, show that théigrosf this surface is
given by
A%a?
h(r) = he + ——,
(r) + pgr

whereh, is the height forr — oc.

3. The extra stress in the linear Maxwell model is related to the strain-rate by

oo
T + o =2uE(t).

Show that this may be written in the form
t
o= 2/ G(t — t"E(t")dt
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for some suitable choice for the relaxation modutig). Show that

/0 TGt =

Find the shear stress,,(t) generated by the fluid velocity = (jy, 0, 0) in the following
cases:

@4 [k <0
7o t>o0.
k T <t<0,
(b) y=9 -k 0<t<T,
0 |t >T.

For each case sketch graphsogf, and+ as functions of time. For case (c) show that there
must be a time,, in the interval0 < ¢, < 7" at whicho,, = 0. Find the value of,.

The expression for the total stress in a rubber is
T =GF-FT — gL

(&) What is the deformation gradierk,, and stressy, for uniaxial extension by a ratia
in the z-direction? A piece of rubber, of initial cross sectionaar, is stretched by
aratio\. If the sides of the rubber are exposed to the atmospherkaso,t = 7,, =
—patm » ShOw that the force required to achieve the stretch is

1

(b) A massm is suspended from a piece of rubber of initial lengghand cross sectional
areaA,, as shown in the diagram.

Rubber

Mass .

(i) What is the relationship between the strefcithe length of the rubbet, and the
initial length, [, ?

(i) By balancing the forces on the mass, obtain a relation betteemassn and the
equilibrium stretch of the rubbex,, .
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(iii) What is the change in for a small downward displacememtfrom the equilib-
rium position? By considering the forces on the mass afteh sudisplacement,

show that
d2l' . GAQ 1+ 2
M T T, )T
(iv) Hence show that the time period for small vertical oscitlas is

A\ 2
T, =2m (l_oieg q) ,
g A, t+2

whereg is the acceleration due to gravity.

5. The Langevin equation for a particle in a quadratic potérifia= %k:ﬁ is

dx
where(f (t) f (t')) = 2kgT'CH (t — t').

(@) Show that the solution of this equation, subject to init@hdition = (0) = 0, is

v = [atrwres (S,

)= (1o (-2)).
(©

(i) Obtain the limiting form of<x (t)2> for t < 7 and compare your result with free-
particle diffusion (where(z (t)*) = 2Dt).

(i) Obtain the limiting form of(x (¢)*) for ¢ > 7. In this limit, show that the average
energy(U) approachegkgT .

wherer = ;.
(b) Hence show that

6. The Rouse equation for a polymer chain comprising beadsfrigtion constant, connected
with springs of spring constarit is

0r5 021'8
C(at —v(rs)) = kg +as=0.N,

with boundary conditions

or,
0s

or,

= (0 and 9

s=0

=0.

s=N

(@) Interms of the forces acting on a bead, briefly discuss thgroaf the term,%i‘;s :

4 QUESTION 6 CONTINUED...



MATH4450

(b) Ignoring the terms due to velocity, (r,), and random forcef, show that the relaxation

time of thepth normal moder, = X, cos (™2%), is

1
T, = —=
p 27
p

2
wherer; = &£

(c) Given that this leads to a time-dependent modulus of form

)

useG* = G' +iG" = [7iwG (s) exp (—iws) ds to show that

!/ w 7-1
G = G Z p + w? 7'
G// — GO
and obtain approximations of the for@’ = cw® for wr; < 1 and (by approximating

the sum as an integral) forr; > 1. Hence sketch a graph dfg G” versuslog w.

You may use the results:

o 2
_ ™
Zp 2 = Ev
1
< g2 s
——dr = ——.
/0 1+ 2v2
The stress in the upper convected Maxwell model is given by
T=—0I+GA,

where the second rank tensAr satisfies

DA 1
——=K-A+A-K'--(A-1
Di " ;A-D,

and K;; = 8“1 is the velocity gradient.

Fluid is placed in the gap between two plates of surface ardéacated atz = +h. Each
plate is coated with a lubricant so that the fluid can slip atglate surfaces, so that the fluid
velocity between the plates is of the form

u=(E(t)z, E(t)y, —2E(t)z).
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Show that

1 dh

Find E(t) if the plates are squeezed together so that

hoe 7 0<t<
h<t):{oe 0_ =7,

h06_2 t>T.

The fluid is at equilibrium at = 0, so thatA = I. Deduce that fot > 0 the only non-zero
components of the\ are A4,,, A,, and A, and that4,, = A,,. Find A(¢) for ¢t > 0. If
the edges of the plates are open to the atmosphere so,thatr,, = —pam, Show that the
net force exerted by the fluid on the plates,

F=GS(Aw: — A.z)

Find F'(¢) and explain whyF' is non-zero fort > 77?
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For mulae Sheet

Cartesian coordinates

pressurep, velocity, u = ue, + ve, + we,, velocity gradientK with K;; = Ou;

e
_Op op op _Ou  Ov  Ow
Vp_axex+8yey+8zez’ v u_8x+8y+8z’
ou Ou Ou 00y  00yy 004
— = = + +
Jdr 0Oy 0z Ox dy 0z
| Ov Ov Ov | 9ouy = 0oy, Do,
K_%O_y@ Vo= 8x+8y+0z
8_w 8_w 8_11) 00, n 0oy, n 0o,
Jdr 0Oy 0z Ox dy 0z
Cylindrical Polar Coordinates
velocity, u = ue, + vey + we, .
_Op 10p op 10 10v  Ow
vP_@reerr@@ee_l_@zez’ v u_rﬁr(ru)+r89+az’
ou 1ou v o
or rofd r 0z
K| 100 u o
or rdfd r 0z
ow 10w 0w
or r 00 0z
10 1 adgr 80” (X1}
R R e R Fa
1 8 1 80’99 80’29 Ogr — Orp
Vo= |29 (2 <
7 r2 (7“ Ure) * r 00 0z r
12 (’f’ ) + 18062 aO-zz
ror rz r 060 0z
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Spherical Polar Coordinates

u = ue, + veg + wey

dp 10p 1 Op
Vp=—e,+-—¢€ ——ey,
P= % +7’89 6+7’51n98¢ ¢
10 1 0 1 ow
Vou=——(r? — (vsinf —
4T 2 (rfu) + rsin 6 00 (vsin6) + rsinf 0¢’
ou 10u v 1 OJu w
or rof r rsinfd¢ r
ov 1ov wu 1 ov w
K=| +~ -&+- — — —cotf
or rdd r rsinfdo r
ow 10w 1 ow N w N v ‘0
— —— —+ —+4+—co
or r 00 rsinf dp r r
19 (.2 1 9 inb 1 00¢r _ 9901040
r2 Or (T 0-7"7") + rsind 00 (0-97" Sin ) + rsinf O¢ r
V-o= %3% (rPove) + T’silnﬁ% (09 5in 0) + T;ﬂg@g;e I 0'07-_0'7-0;0'¢¢ cot 6
T%% <T3ar¢) + T’Silnﬁ% (U% sin 9) + ngneﬁgj? + ow—o’m:-o(be cot 0

END



