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1. Consider the third-order set of ordinary differential equations (ODEs):

ẋ = (1 + κ)x− (1 + κ + λ)y − xz,

ẏ = x− y,

ż = −z + (2 + κ)x2,

where κ and λ are parameters, and κ > −2.

(i) Find the equilibrium points of the ODEs.

(ii) Determine the stability of the equilibria, giving the locations and types of the
codimension-one and codimension-two bifurcations, and showing that there is a
Hopf bifurcation when

κ = −λ with λ < 0.

(iii) Draw the bifurcation lines in the (κ, λ) parameter plane, indicating where the
equilibria are stable or unstable.

(iv) Explain why there must be additional (global) bifurcations, and indicate where
these might be located in the (κ, λ) parameter plane.

2. Suppose that, when a parameter µ = 0, a second-order ODE ẋ = f(x, µ) (with x ∈ R2)
has a saddle equilibrium point x = 0, and that there is a homoclinic orbit connecting the
equilibrium point x = 0 to itself. Explain why this situation is structurally unstable.
By deriving an appropriate one-dimensional map, explain what you would expect to
find as µ is varied away from 0, stating clearly any necessary assumptions.
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3. Suppose xn+1 = f(xn) (with x ∈ R), where f is a continuous map from an interval I to
itself, and suppose also that f has an orbit of least period 3. Show that

(i) f has orbits of least period m for all positive integers m.

(ii) The topological entropy h(f) ≥ log

(
1 +

√
5

2

)
.

4. Consider the third-order set of ODEs:

u̇ = κu− λv + Muw + Nvw,

v̇ = u,

ẇ = −w + v2,

where κ and λ are parameters, and M and N are constants.

(i) Identify the codimension-two bifurcation at (κ, λ) = (0, 0).

(ii) Perform a centre manifold reduction at this bifurcation point, and write down
equations governing the evolution on the center manifold.

(iii) By performing suitable near-identity coordinate transformations, show that the
differential equation on the centre manifold is equivalent to

ẋ = Py3 + Qxy2,

ẏ = x,

where the values of P and Q are to be given explicitly.
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