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Do not attempt more than 4 questions. All questions carry equal weight.

1. (a) The equations of motion (Navier-Stokes equations) for a viscous fluid are, in Carte-
sian co-ordinates (z,y, z),
divu =0,

Jou 1

— +uVu=—-Vp+rvV?y,

ot P
where u = (u, v, w) is the velocity of the fluid.
What are the assumptions made in deriving these equations?
Describe what is meant by the no-slip boundary condition.

(b) Viscous fluid is in steady, two-dimensional motion in a channel between two infinite
plates a constant distance h apart. The flow results from a constant applied pressure
gradient P and from the plate on y = 0 moving with a constant velocity Uy in the
z-direction. Show that the Navier-Stokes equations reduce to
2
8—?; + P =0, v =0,
9y~ p

where p is the viscosity of the fluid.

Solve this equation, subject to the appropriate boundary conditions.

h
Use your solution to show that the volume flow @ in the channel, where Q = / u(y)dy
0

is given by TR
_ 0

Q_12u+ 2
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2. Viscous fluid occupying the region y > 0 is initially at rest. At time ¢ = 0, the fluid
is set into motion by a constant shear stress u7y being applied in the z-direction along
y = 0. Show that the Navier-Stokes equations reduce to, for the two-dimensional motion
iny >0,
ou 0%u
— ]/_2’
ot oy

where u and v are, respectively, the velocity components in the x and y directions.
Show that the initial and boundary conditions for u are

v=0

ou
dy
u = 0 as y—o0 (t>0)
u = 0 at t=0, (y > 0).

= Ty on y =0, (t>0)

Show that the transformation

uy ) =200, =gt

reduces the problem to similarity form. Determine the equation and boundary condi-
tions satisfied by f(n) and show that this has the solution

f(n) = = (e_"2 —2n /nooe_szds> .

Hence find the velocity on the surface y = 0.

e T
You can assume that / e ds = §
0

3. Viscous fluid occupies the region 0 < 6 < a. The fluid is in slow, steady two-dimensional
motion caused by a plate along # = 0 moving with a constant velocity Uy in a direction
along its length. # = « is a free surface on which the shear stress is zero.

The equation governing this slow flow is

V2 (V?)) =0,

where 1) is the stream function defined so that the velocity components (u,v) in the r
and 6 directions are given by

_ 1oy __ W
“Sree T Tor

and where
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2—— —_— —_—
Vi= 87‘2+7'87“+7“2892.

By looking for a solution in the form

P(r,0) = Uor f (),

determine 7).

Use this result to show that the velocity us on the free surface is given by

acosa—sina)
a—sinacosa/

USZU()(

Note: You may assume that having zero stress on the surface § = « is equivalent to
2

0
having 8—015 = 0 on that boundary.

(a) Write down the equations for steady thin film flow of a viscous fluid between the
two fixed surfaces z = 0 and z = @, a constant (small) distance apart (Hele-Shaw cell).
State the assumptions made in deriving these equations.

What are the boundary conditions?

Use these equations to find u and v, the velocity components in the  and y directions,
satisfying the appropriate boundary conditions.
Hence, show that the vorticity

_Ou Ov

C_a_y_a_x:()

Use your results for u and v to find w, the velocity component in the z direction.
By applying the boundary conditions on w, show that the pressure p satisfies the equa-
tion

Fp v _
ox?  oy?
(b) The boundary-value problem
af df
ew-l—(x-l—l)%—i-f:l, where 0 <e<1

on 0 < z < 1, subject to the boundary conditions
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is to be solved using the method of matched asymptotic expansions.
Show that the solution fy(z) in the outer region is, at leading order,

_x+3

folz) = z+1

Show that the scaling for the inner region independent variable £ is € = z €.

Obtain the leading order solution in the inner region, satisfying the boundary condition
on x = 0 and matching with the solution in the outer region.

(a) Consider the steady flow Uy, of a viscous fluid, with kinematic viscosity v, past a
body of typical size L. Define the Reynolds number Re for this flow.

Explain why it is necessary to introduce a boundary layer to determine the flow past a
solid body at large Reynolds number. Use a scaling argument to estimate the thickness
0 of this boundary-layer region in terms of the Reynolds number and the length scale
L of the body.

Describe briefly what is meant by boundary-layer separation.

(b) The boundary-layer equations for two-dimensional, steady flow near a solid bound-
ary (y = 0) are

o o _
ox Oy ’
ua—u-i-v% = Ud—U+I/@
Ox oy dx oy?’

where U(z) is the outer flow, (u, v) are the velocity components in the z and y directions
respectively and v is the kinematic viscosity.
State the boundary conditions for v and v.

For the flow past a flat plate, where U(z) = Uy is a constant, show that the boundary-
layer equations have a similarity solution in the form

1/2
v= @) i), a=y(yL)

2vx

where 1) is the streamfunction.
Determine the equation and the boundary conditions satisfied by f(n).

END



