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Do not attempt more than 4 questions. All questions carry equal weight.

1. Viscous fluid is in steady, axi-symmetric motion in the annular region between two
infinitely long, concentric cylinders r = a and r = b, where a < b. The flow results from
an applied constant pressure gradient —P in the z-direction. Show that the Navier-
Stokes equations reduce to

d*w N 1 dw P 0

— - = -, u=0,

dr?  rdr 1
where z measures distance along the cylinders and r is the radial co-ordinate. v and w
are the velocity components in the r and z directions respectively and p is the coefficient
of viscosity.

State the boundary conditions on w(r) and hence find w(r).

b
Show that the volume flux @, given by Q = 27T/ w(r) rdr, is

a
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2. Viscous fluid is in slow, steady two-dimensional motion in the region —a < 6§ < «
between two fixed plates along § = —a and # = a. The equation governing this slow
flow is

V2(V?)) =0,

where 1 is the stream function defined so that the velocity components (u,v) in the r
and @ directions are given by
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and where
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Vi= 87‘2+7'87“+7“2892'

Show that the stream function v (r, ) for this slow flow in the corner can be found in
the form 1 = 7* () provided that the constant ) satisfies the equation

Atan (Aa) = (A — 2) tan [(A — 2)a]

It can be assumed that v is an even function of 6.

In the special case o = 7, find the smallest positive value for A that satisfies the equation.

3. Write down the equations for steady, two-dimensional thin film flow (lubrication ap-
proximation) of a viscous fluid between two surfaces z = 0 and z = h(z), stating the
assumptions made in deriving these equations.

The upper boundary, z = h(z), is fixed. The lower surface, z = 0, is moving with
a constant velocity U, along its length. Use the thin film equations to show that the
pressure p(x) within the gap between the two surfaces is given by the equation

d dp

— (3£ — R
da:( dx) GMUde 0,

where p is the (constant) coefficient of viscosity of the fluid.

: . . : dp .
Integrate this equation to obtain an equation for d_p in terms of h(x).
x

The upper surface has a finite length 2L with the pressure having a constant value pq
h

outside this region. For an upper surface given by h(x) = IO(QL +z) for —-L <z <L,

show that the pressure p(z) is given by

| 3uUL(L? — o?)
2h%(2L + z)?

p(x) —po =
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4. Consider the steady flow U, of a viscous fluid, with kinematic viscosity v, past a body
of typical size L. Define the Reynolds number Re for this flow and discuss briefly the
significance of Re in the flow of a viscous fluid.

Explain why it is necessary to introduce a boundary layer to determine the flow past a
solid body at large Reynolds number. Use a scaling argument to estimate the thickness
of this boundary-layer region in terms of the Reynolds number.

Show that, for steady, two-dimensional boundary-layer flow, the vorticity ( = ™ sat-
Y

isfies the equation
u CC = l/—2< where u = (’U, U)
92/2 ’ s V).

Explain the significance of the terms in this equation.

Describe what is meant by boundary-layer separation.
Use the boundary-layer equations to show that the skin friction 7,, has a singularity at
separation (z = z,) of the form

1/2

Tw X (Ts — ) as T — .

What is the significance of this singularity for solutions of the boundary-layer equations?

5. The boundary-layer equations for steady, two-dimensional flow near a solid boundary
(y =0) are

Ou Ov _

or Oy ’

ou ou dU 0%u
Yor Ty T Uar TVop

where U(zx) is the outer flow and (u,v) are the velocity components in the z and y
directions respectively.

Show that, for an outer flow U(x) = ax™ (a and m constants), the boundary-layer
equations have a similarity solution in the form

1/2
Y = (aV)1/2$(m+1)/2f(77), with 7= (E) x(mfl)/Q Y,
v
where 1) is the stream function, defined in the usual way, and where f(n) satisfies the

equation
m—+1

f'"+(T)ff"+m(1—f'2) =0,
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where primes represent differentiation with respect to 7.

Show that the further change of variables
2 2 m+ 1\
= _— F, n = (7)
/ (m + 1) 7 7
transforms the equation into

2m
F"+FF"+B(1-F?%) =0 ith =——,
+ + B( ) with S —

where primes now represent differentiation with respect to 7.
What are the boundary conditions satisfied by F'(7)?

To determine how the solution to this equation behaves for 3 large, we make the trans-
formation

F=p2g  (=p"n
Show that the equation at leading order for £ large is then

¢///+1_¢/2:0

(where primes now represent differentiation with respect to ¢) and that
¢ =3 tanhZ(% +79)—2 (where tanh*y = 2/3)

satisfies the equation and the required boundary conditions.

END



