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Do not answer more than four questions. All questions carry equal marks.

All functions in this paper are assumed to be Riemann integrable on any finite interval.

. (a) Define the complex Fourier coefficients f (n), n € Z, of a 2m-periodic function
f:R—C.

Let ex(x) = e¢** for k € Z. Show that

0 otherwise.

Let the function p : R — C have the form p = >;"  cie, for some m € N and complex
numbers ¢;. Show that

p(n) = {cn if n| < m,
0  otherwise.

The function h is defined by h(z) = qosQ x. Express h in terms of the functions e, and
hence calculate its Fourier coefficients h(n).

(b) The 27-periodic function f is defined on (—m, 7] by f(x) = e®. What is f(207)?

Show that
(—1)"sinh 7

f 7.
~(1—in) , orn €

fn) =

Assuming without proof that the Fourier series for f converges to f(0) at the point x = 0,

deduce that
PR e e
1+n2 sinhn

nez
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2. (a) What does it mean to say that a 2m-periodic function f has an absolutely convergent
Fourier series?

Show that if f has an absolutely convergent Fourier series, then its Fourier series converges

~

uniformly to a continuous function g such that g(n) = f(n) for all n € Z.

State without proof a sufficient condition (in terms of the smoothness of f) for f to have an
absolutely convergent Fourier series.

(b) Let f be continuous and 2m-periodic, and suppose that its derivative f! is also contin-
uous. Prove that (f')"(n) =inf(n) for n € Z.

For a fixed r with 0 < r <1 the Poisson kernel function P, : R — R is 2m-periodic and
infinitely differentiable, and its Fourier coefficients satisfy P,.(n) = r!"! for n € Z.

Calculate the Fourier coefficients of its kth derivative P for k € N , and deduce that each
P™ has an absolutely convergent Fourier series.

(c) Give (without proof) an example of a continuous 2m-periodic nowhere-differentiable
function, expressible as the sum of a Fourier series.

Explain briefly why the formula you have given defines a continuous function.

3. (a) Define the convolution f * g of two continuous 27-periodic functions f, g : R — C.
Show that f ey = f(k)ex, where ¢, denotes the function ej(z) = e for k € Z.
Give without proof a formula for (f * ¢)"(n) in terms of f(n) and §(n), for n € Z.

Define the Dirichlet kernel functions (Dy)32, in terms of the functions e, and hence give
an expression for f x Dy in terms of the Fourier coefficients of f. Show also that

sin (k: + %) T
sin%

Y

whenever z is not a multiple of 2. What value does Dy, take at multiples of 277

(b) Let (K,,)_, denote the Fejér kernel functions given by

A~

Calculate the Fourier coefficients K, (n) for n € Z.

State Fejér’s theorem on the summability of Fourier series, and use it to deduce a corollary
about the approximation of continuous functions by trigonometric polynomials.
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4. For f, g : R — C continuous and 27-periodic we write

1 [7 —
) =57 [ @) ds,
and, for k € Z, e}, denotes the function defined on R by e, (z) = e**.

Prove that, for any positive integer k,

<f— > (frewen, f= D (S, >> = (1) =D Kfed (%)

n=—k n=—~k n=—~k

State without proof a theorem concerning the mean-square convergence of Fourier series of
continuous 27-periodic functions, and use it, together with (*) above, to deduce Parseval’s
identity.

Show that

/7r |z| cos nz dx = A" =1

n2

for n € Z \ {0}, and hence calculate the Fourier coefficients of the function f defined on
[—m, 7] by f(z) = |z[.

> 1 m
Use Parseval’s identity to deduce that Z o7 = oa
— (2n+1) 96

5. (a) Define the Fourier transform f of a function f : R — C satisfying

/OO |f(z)| dx < oo. (xx)

—00

Let g denote the Gaussian function g(z) = e for z € R. Assuming without proof that it
is legitimate to differentiate the integral defining g, show that

¥ (w) = —%Q(w), for w € R.

Given that [~ g(x)dz = /7, calculate g(w) for w € R.

State the Riemann—Lebesgue Lemma for Fourier transforms and use it to deduce that the
2 .
function h : R — R defined by h(w) = % is not the Fourier transform of any function
w

f satisfying (**).
(b) Define the inverse Fourier transform f of a function f : R — C satisfying (**).

For n € Z find f,, where f, is the function defined by
f(w):{e if w| <,

inw

0 otherwise.

Give a precise statement of Fourier’s Inversion Theorem.
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