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Attempt four questions. All questions carry equal marks.

Q1 (a) Defi nethe gradient, Vf, of afunction f(x,y), and also the directional derivative of f in the direction
of aunit vector u. In the case

f(x7y) = ZL’2 + Ty — 2y27
fi nd both the gradient, Vf, and the directional derivative in the direction

3,, 4.
u=—i+-
5' 7 5

at the point z = y = 1. Also, write down aunit vector parallel to the level contour f = 0 at the point
r=y=1
(b) If

fx,y) = 2%y + 297,

with 2 and y constrained by the relation
y? = 322 — 2ay,

fi nd expressions for the partia derivativesg and g and the total derivatives ﬁ and ﬁ in terms of z and
ox oy dx dy
y. Interpret of and ar geometrically.
ox dz

(c) Find the unit vector normal to the surface
f(x,y,z) =z = 2‘%2 - Sy2 =0

atthepoint x = 1,y = 1, z = 5. Hence fi nd the equation of the tangent plane to the surface z = 222 + 3y at
(z,y,2) = (1,1,5) intheform az + by + cz = d.

(d) Thevariables z, y and z are linked through the relations
f(z,y,z) =sinz +siny + sinz = 0,
g(x,y,z) = cosx + cosy + cosz = 1.

- dy .
Find ¥ in terms of  and V.
dx
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Q2 (a) Write down the fi rst order conditions for f(x,y, z) to have a stationary point.
(b) Défi nethe three leading principal minors of a3 x 3 matrix.
(c) Defi nethe symmetric matrix H associated with the quadratic form

Q(z,y, 2) = azx® + by? + 2% + 2exy + 2fxz + 2gy2,

and explain how the principal minors of H can be used to distinguish between positive defi nite, negative
defi nite, positive semi-defi nite, negative semi-defi nite and indefi nite quadratic forms.

(d) Usetheleading principal minor test to determine the sign properties of the quadratic form
Q(z,y,2) = —22% — y2 — 522 — 2zy + 4xz.

(e) Find al the stationary points of

1 3
flx,y,2) = Zx4 + 22y + ZyQ +yz + 22

(f) Find the Hessian matrix associated with the function f(z, y, z), and hence classify all the stationary points.

Q3 (a) Write down the Lagrangian, and hence fi nd the two stationary points of the problem

1 1 )
flz,y,2) = 53:2 +xz + §y2 +yz+ ﬂz?’,

subject to the constraint
r+y+z=1.

(b) Explain what is meant by a Bordered Hessian, and write down (without proof) the conditions on the
leading principal minors of the Bordered Hessian for a constrained stationary point to be alocal maximum or
aloca minimum.

(c) Findthe4 x 4 Bordered Hessian for the problem specifi ed in part (@), and evaluate the two relevant
leading principa minors. Hence show that one of the two stationary pointsisaloca minimum.
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Q4 A fi rm supplies goods with a Cobb-Douglas production function

Ll

Q(x,y) = a5y°

and sellsthem at a price p each, where x and y are the input variables. The cost of production is C' = ax + by.
Write down the profi t, TT, and show that it has a stationary point at

Show, using Taylor’s theorem for two variables, that if + = x* 4+ h and y = y* + k, then the profi t

p3 9ab

T 2%ab PP

2 _1
a 2ab

T —
h* Ah, where A = ( Clap

) and h” = (h, k),

provided cubic and higher order termsin h and & can be neglected.

Inthecasea = b = 1 fi nd the eigenvalues and eigenvectors of the matrix A, and hence show that

3
_p 91 2, 3 2}
- [4(h+k;) + 30—k

Deduce that the profi t has alocal maximum in the neighbourhood of (2, *).

Q5 (@) A function f(z,y) isto be maximised subject to the binding constraint g(z, y) < b. Explain by means
of asketch why Vf and Vg are paralldl at a stationary point, and if V f = AV g, state what sign A\ must have.

(b) Itisrequired to maximise
f=a%=2zy + 2,
subject to
r+y<1l, x>0, y=>0.

Write down the classical Lagrangian for this problem, L(z, y, A1, A2, A3), where A1, A\» and A3 are the
Lagrange multipliers, and state the fi ve equality and six inequality conditions required to determine the
stationary points. [You are not required to find the stationary points by this method)].

() Now write down the Kuhn-Tucker Lagrangian L(x,y, \) for this problem, and state the three equality
conditions and six inegquality conditions that determine the stationary points. Use these conditions to
determine all the stationary points, and hence fi nd the global maximum of f for this problem.

3 End.



