VI 1 1V vV

MATH262001
This question paper consists of 6 Only approved basic
printed pages, each of which is scientific calculators
identified by the referenciel AT H2620. may be used.

© UNIVERSITY OF LEEDS
Examination for the Module MATH2620
(May 2006)

Fluid Dynamics

Time allowed:2 hours
Answer FOUR of the FIVE questions.

All questions carry equal marks.

1. Explain what is meant by a particle path and a streamline. edmhat circumstances are
these the same?

A two-dimensional flow is given by the velocity field
u=(z(l+1),y)

Find the particle path$z(¢),y(t)) for this flow for the particle at1,1) at¢ = 0. Hence
show thaty(1) = e zz(1). Find and sketch the streamline that passes through the poin
(1,1) att = 0.

CalculateV-u for this flow and hence show that the flownst incompressible.

Write down the formula for the acceleration of a fluid pagichnd hence calculate the fluid
acceleration at a general poifit, y) at timet.

2. State the conditions under which the fluid velocity may betem as the gradient of a ve-
locity potential, ¢. Show that, whenp exists and the flow is incompressiblg, satisfies
Laplace’s equation.

Separable solutions of Laplace’s equation exist in plasleso-ordinategr, 6) of the form
¢(r,0) = f(r) cos(d). Find the general solutions fqf(r).

Hence show that the potential given by

o(r,0) = (UT‘ + U_az) cos 6

r

represents the unique potential for flow around a cylindeadiusa with uniform flow U in
the z-direction atz = +oo. (Hint: show that this potential does satisfy Laplace’satopun
and the required boundary conditions on the surface of thiedsr and at infinity.)

1 QUESTION 2 CONTINUED...
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Show that )
ug = —U (1 + a_2) sin 6.
T

By integrating this around a circle of radids> « show that the circulation around the

cylinder
I'= %u - dx

3. Define the vorticityw of a fluid with velocity w. Show that for two-dimensional incom-
pressible flows wheres = (u, v, 0) is independent ot

is zero.

w = (0,0, —V?¥) (1)

where) is the streamfunction that you should relateit@ndv.
Consider the flowms = u,# + g0 in cylindrical polars(r, 6, z) where

Ua? Ua? .
U, = —— cos b, Uy = ——sin 6,
r2 r2

Calculatew and the streamfunctiont and verify the relationship derived in equation (1).
Starting from Euler’'s equation in the form

ou 1
5N +u-Vu = —;Vp,

derive the vorticity equation

Ow
§+u-Vw—w~Vu.

Hence show that the vorticity of a fluid element does not ckasjit moves in a planar flow.

4. Starting from Euler’s equation in the form

0 1
X uvVu = —=Vp+g
ot P
show that for a steady flow
p L,
—+gz+-u
p 2

is constant along a streamline, wheres the upward vertical coordinate. (You may quote
any of the vector identities at the end of the examinatiorepap

Show, in addition, that for a steady irrotational flow & 0) that
1
u + gz + =u®
P 2

2 QUESTION 4 CONTINUED...
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Figure 1: Section of the pipe for Question 4

is constant everywhere in the flow.

An axisymmetric vertical pipe of variable cross-sectios gaown in Figure 1) is filled with
water. The cross-section is given by= a(cosh az)% , Wherea anda are positive constants,
(r,0, z) are cylindrical polar co-ordinates with theaxis vertical, and gravity acting down-
wards sog = (0,0, —g). The water is incompressible and is in steady irrotatiowal thlong
the pipe, with a volumé) of fluid passing every cross-section per unit time. Assuntivag
the vertical component of velocity, depends orx only and that horizontal velocities are
small and can be neglected, calculateas a function of:.

Hence or otherwise show that the water pressure will not bemotonic function of: if
aQ? > 4ria’y.

Water flows in thex-direction in a long channel of rectangular cross-sectiwnose base

lies on the plane = 0 except for a small smooth hump whose maximum heighf,is The

equation of the hump is = d(z). The flow is steady and smooth throughout the channel.
Far upstream of the hump the flow has velodityand the surface of the water liesat H .

3 QUESTION 5 CONTINUED...
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Calculate the level of the water surface above the bump (ddngz), whered(z) is the
height of the water above the value it would assume if themrewe bump) whertd > d,,
demonstrating that it is given by the equation

2 2
s (o)
2¢ H+0-d

Show that for smalll andé the surface may rise or fall as it flows over the bump depending
U
upon the value of the upstream Froude numbber —.

VgH

Hint: you may use the expansion

H 2N1_2(5—d)
H+6—-d) H

Far downstream of the hump the water level is at heighiy 16. Show that the upstream

Froude numberF’, must be equal tc(l%)m, and find the value far downstream. At what

point is the Froude number equal to unity?

4 CONTINUED...
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Useful Vector | dentities

V xVp =0,
V(qu)—O
V- (pu) = pV-u + u-Vp,
X (pu) = pV X u+ Vp X u,
VX(BXA) A.-VB -B-VA+AV-B-BV-A,
V- (A xB)= BV><A AV x B,
V(AB)=Ax (VxB)+Bx (VxA)+AVB+BVA,
Viu —V(V~u)—v><(v><u),

(Vxu)xu=uVu-—V (3u*).

Cartesian coordinates

Scalarp, vectoru = ue, + ve, + we,

op op op

gradp:Vp:%ex—i-a—yey—i-&ez,
) ou Ov Ow
d1VU—Vu—%+8—y+£>
curlu =V xu = dw _ v e, + Qu _ Ow e, + v _ Qu e
N S \oy 0z) " 0z Ox) " or oy) 7~
p  Op Op
u-Vp u%—l—va—yﬂL 95
2 2 2
e N
ox?  Oy?> 022
V2V GVLCLTC O D PGP GO
wVu = | uy U@y W~ | € Uy U@y wo— ] ey
+ ua—w+va—w+ 8_w e
ox oy 0 ¢
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Cylindrical Polar Coordinates

u = ue, + vey + we,

dp 10p op
Vp Er‘i_;%@—i_aez;
10 10v Ow
Vu= o )+ 25 T o
AR (Ll WY (T D (L
Yw\rae az) " \a: o )T i \ar VY T ae ) %

_ Op wop dp
u-Vp—ua + 8«9+ 9

10 op 10% 0%p
- (TE)W@*@‘

Spherical Polar Coordinates

U = ue, + vey + wey

B (9p 1(9p 1 0Op
VP = are” T r96° o+ rsin€8¢e¢’
1 1 a_w

10 ., 0
v'u__2a_< u)—i_rbln@(%’(vsme) rsind 0¢’
1

a( 1n9)—a— +1 ! %—i( w)
rsind \ 00 we ol sinf 0¢p  Or ©0

+1 2( ) — Ou
r\ar " " a9 ) %
_ Op wvOp w  Op
qu—ua +7‘8«9 rsinf d¢’

Gp 1 0 op 1 0%
) T sno o0 (Smeﬁﬁ) + r2sin 0 9

VXxu=

Divergence Theorem and Stokes Theorem

Let V' be a region bounded by a simple closed surface S withautward normaln

/u~ndS:/V-udV, /pndS:/VpdV, /u X ndS = —/ V x udV.
S 1% s 1% s 1%

Let C' be a simple closed curve spanned by a surface S with unit narma

/Cu-dx = /S (V x u)-ndS, /dex = — /S (Vp) x ndS.

END



