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1. (a) Write down the equation (Euler-Lagrange equation) satisfied by the function y(z),
which takes the prescribed values y(x1) = a, y(x2) = b and which makes the integral

I = / f(z,y,p)d

d
stationary, where p = d_y Deduce that, if f does not depend explicitly on z, then
x

of
P

= constant.
(b) Show that the function y(z) which makes the integral

I/ ) dx

stationary, subject to y(0) =0, y(Z) = 1, satisfies the equation

for some constant c.

Solve this equation, subject to the boundary conditions, to find the function y(z).
Hence show that the stationary value of I, is I = 0.
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2. (a) The kinetic energy 7" an autonomous mechanical system specified by the n indepen-
dent generalised co-ordinates ¢, qo, - - -, g, takes the form

1 n n o
T=35> > e
j=1 =1
where the a;; depend only on the ¢; (¢ =1,2,---,n) and a;; = aj;.
Show that " or
Z-Zzl ' dg;

Use this result to show that the total energy 7'+ V is a constant, where V =V (g;) is
the potential energy.

(b) The motion of a particle of mass m on the surface of a sphere of radius a can be
described by the Lagrangian

1 . .
L= 5ma2 (02 +sin? 6 ¢2) — mgacos 6,

where 6 and ¢ are generalised co-ordinates and where g is the gravitational acceleration.

Show that sin20g5 is a constant and use this result to obtain an equation of motion
entirely in terms of  (and its derivatives).

If the system starts at ¢ = 0 with = Z, 0 = 0, » =0, ¢ = 2, show that this equation

can be integrated to give
1. 1 g g

iy + < cosf =2+ .
2 sin?f  a av/2

3. A mechanical system, performing small oscillations about a position of stable equilib-
rium x = y = 0, has the Lagrangian

. 1. . 1 5
L(z,y,&,9) = (53" + 39 +§7) = (52" + 2y + 5 v")
where x and y are generalised co-ordinates. Show that the normal frequencies of this
system are given by w? =1, w2 = 4.
If, at t =0,
x=1 y=2, =0, y=0

show that the subsequent motion is given by

x(t) = 3cost — 2 cos 2t, y(t) = 2 cos 2t.
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4. Show that the general solution to the wave equation

5.

Pu 1 0%u
0x? 2 Ot2
on 0 <z </ t>0,subject to the boundary conditions

u=0, atxz=0 and z=1¢ (t>0),

can be expressed as
u(z,t) =Y [Ancos (m;ct) + B,sin (%ft)] sin (nlﬂ) .
n=1

Find the constants A,, and B, in the case when initially © = 0 and

o Vo 0<z<¥,
E:
0 <z <),

(a) Show that the general solution to the wave equation

0%u 1 0%u

o2 2o

on —oo < x < 00, t > 0, can be expressed in the form
u(z,t) = f(x — ct) + g(z + ct).

Show that, if

u(z,0) = F(z), %(x,O):G(x), (oo <z <o00) at t=0,

u(z,t) = % (F(x —ct) + F(x +ct)) + zic/::t G(s)ds.

(b) An infinite stretched string, initially at rest, is given the an initial displacement

x (0<z<3)
u(z,0)=< 1—=x (3 <z<1)
0 otherwise.
. . . . 1 1
Determine the subsequent motion and plot the solution at times ¢ = 1 t = % and
c c
1
t==.
c
END



