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1. Write down the equation (Euler-Lagrange equation) satisfied by the function y(z),
which takes the prescribed values y(x1) = a, y(x2) = b and which makes the integral

1= [" f(s,y,p)d

d . -
stationary, where p = d—y Deduce that, if f does not depend explicitly on z, then
x

of

— — f = constant.
p ap

Show that the function y(z) which makes the integral

I = /07r <p2 + sin® y)1/2 dx

T om0
stationary, subject to y(0) = 1 y(§) =3 satisfies the equation
2
d
(%) = Csin*y —sin?y

for some constant C. Show that the substitution u(z) = cot y transforms this equation

to )
du
— | =C—-1-u%
<dx) C U

Hence show that, if C' > 1, the function y satisfies
coty = Acosx + Bsinz, A, B constants.

Determine the constants A and B from the boundary conditions.
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2. (a) For an autonomous system with Lagrangian L = L(q1,- -, Gn, G1, -, ¢n), Show that
the quantity

" . 0L
E = ¢i— — L
; 13%‘
1S a constant.

(b) A mechanical system has the Lagrangian

1

_1 12 o n2pa2y K
L_2(0 +5in” 0 ¢?) T cosd)

where 6 and ¢ are generalised co-ordinates and where y is a constant. Obtain two
constants of the motion and deduce that

1(., h? i
— =F
2 (0 +sin20) * (1 —cos#) ’

where h and E are constants. Find the value of these constants if, at ¢ = 0,

T . .

0=—-, 0=0, ¢=0, ¢o=1
3. A mechanical system, performing small oscillations about a position of stable equilib-
rium x = y = 0, has the Lagrangian
L(z,y,%,§) = (&" +§°) — (52" — 4wy + 2¢°)

where z and y are generalised co-ordinates. Find the normal oscillatory frequencies of
this system.

If, at t =0,
xr=1, y=3, =0, y=0

show that the subsequent motion is given by

xz%(?cost—%:os(\/ét), y = <l4cost+cos(\/(_5t).

1
5
4. Show that the general solution to the wave equation

u 1 0%

ox? 2 o2
on 0 <z </ t>0,subject to the boundary conditions
u=0, atz=0 and z=4¢ (t>0),
can be expressed as

u(z,t) = [Ancos (m;ct) + B,sin (m;ct)] sin (Tllg) :

n=1
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Indicate how the constants A, and B, are determined if u also satisfies the initial
conditions

ou

u = f(z), Ezg(x) att=0 (0<z<).

0
Find the constants A, and B, in the case when initially 8_?: =0 and

u=—z(l—x), 0<z <)

where ug is a constant.

Show that the general solution to the wave equation
Pu 1%
0x2 2 Ot2

on —oo < x < 0o, t > 0, can be expressed in the form
u(z,t) = f(x — ct) + g(z + ct).

Show that, if

u(z,0) = F(x), 3—1:(33,0) =G(z), (—o<z<oo0) at t=0,

u(z,t) = = (F(z — ct) + F(xz + ct)) + k= /:+Ctg(s)ds.

2c —ct

N —

An infinite stretched string, initially at rest, is given the an initial displacement

(1 -2 0<z<1)
u(z, 0) = { 0 otherwise
Determine the subsequent motion and plot the solution at times t = —, t = % and
c c

1
t=-.

c

END



