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INTRODUCTION TO PROBABILITY
Time allowed: 2 hours
AttemptALL questionsn SectionA andTHREE questiongrom SectionB.
For SectionA, only write down a singleletteranswerfor eachquestion.
SectionA is worth 40% of the examinationsmarks.

All questionswithin eachsectioncarryequalmarks.
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Section A

AttemptALL questionsn SectionA.
For eachquestionwrite down a singleletteranswer

In a surwey of watersuppliesto variouscities, 35% hadtype A impurity, 55% hadtype B
and 30% hadneitherimpurity. If acity is chosematrandom,whatis the probability thatit
hasanimpurity in its watersupply?

A: 045 B:0.6 C:065 D:0.7 E:0.9

A retaileroffers a replacemenpolicy for a new dishwasherthatwill pay the full product
costof £300 if it breaksdown within ayear Theretailers statisticsshav thatabout4% of
dishwasherof thatbrandwill breakdown within ayear Theadministratve costperpolicy
is £3 attheoutsetplusanextra £10 if aclaim hasbeenmade.Whatshouldbe the policy
premium(i.e., theamountthe customeiis chaged)in orderthattheretailers expectednet
profit perpolicy be £57?

A: £19.60 B: £20.40 C: £19.40 D: £21.40 E: £20.34

Supposehat 3% of the familiesin alarge city have an annualincomeof over £60, 000,
Using a suitableapproximation,evaluatethe probability that, of 70 randomfamilies, at
mosttwo have anannualincomeof over £60, 000.

A:0.62 B:0.35 C:0.27 D:0.38 E:0.65

A doctorhasfive patientswith migraineheadachesHe prescribedor all five a drugthat
relievesthe headachesf 82% of suchpatients.Whatis the probability that the drug will
notrelieve theheadachesf two of thesepatients?

A:0.032 B:0.551 C:0.179 D:0.222 E: 0.956

You roll two fair dice until the sumof the two readingson the dice equals8. How mary
rolls would you expectto make?

A6 B:72 C:8 D:11 E:5.14

Every day the averagenumberof wrong phonecallsreceved by a certainmail-ordercom-
pary is four. Assumingthatthe numberof wrong phonecalls hasa Poissondistribution,
whatis the probabilitythatthe compaty will receve exactly four wrongphonecallstomor
row?

A: 0.805 B:0.629 C: 0.567 D:0.371 E: 0.195

Thelengthof analuminium-coatedteelsheetmanufcturedoy a certainfactoryis approx-
imately normally distributed with mean75 cm and standarddeviation 1 cm. Whatis the
probabilitythatarandomlyselectedsheetmanufcturedoy this factoryis between74.5 and
75.8 cm?

A: 0.7445 B: 0.4796 C:0.0966 D: 0.5966 E: 0.5304
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A8. Supposehatthesex of achild canbemodelledasindependentolls of a 35-sideddie, with
18 facesmarked ‘boy’ andthe other 17 marked‘girl’. Undera stoppingrule: “stop after
thefirst son”, whatproportionof completedamilieswould compriseatleastfour children?

A: 0.115 B:0.056 C:0.070 D: 0.486 E: 0.136

A9. Ona multiple-choiceexamwith five choicesfor eachquestiona studenteitherknows the
answerto a questionor choosesan answerat random. If the probability that the student

knows a correctansweris 2/3, whatis the probability thatan answerthatwasmarked as
correct,wasnot choserrandomly?
1 1 1 11
A — B: - C:—0 D:g E.: —
11 3 11 10 15
A10. Let X bearandomvariablewith meanl andvariance2. Let Y = —2X + 3. Whatis the
correlationcoeficientbetweenX andY ?

A:—-1 B:-05 C:0 D:05 E: 1

Section B

Attempt THREE questiongrom SectionB.

Bl. (a) Let A, B,andC bearbitraryevents.UsingVenndiagramsdeterminaf thefollowing
equalityis correct:

(ANB)\C = (A\C)N (B\O).

(b) A dieisloadedsothattheprobabilityafaceturnsupis proportionalto thenumberon

thatface(thatis, 1,2, ...,6). If thedieis thrown, whatis the probabilitythataneven
numberoccurs?

(c) The demandfor a certainweekly magazineat a newsstandis a randomvariable X
with probabilitymassfunction px (z) givenby

z 3 4 5 6
px(x) || 0.20 | 0.44 | 0.32 | 0.04

Themagazinesellsfor £1.50, andthecostto theowneris 50 pencepercopy. Unsold
copiescannotbereturnedo the publisher

(i) Whatis theexpectedweeklydemandor this magazine?

(i) If the owner ordersthreecopiesof the magazine his net profit will be £3.00.
Whatwill behis expectedprofit if he ordersfour copies?

(i) How mary copiesshouldbe orderedperweekin orderto maximisethe expected
profit?
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(a) An eventoccursatleastoncein four independentrials with probability 0.76. Whatis
the probability (to 3 decimalplaces)of its occurrencen onetrial?

(b) For a continuousrandomvariable X with probability densityfunction fx(z), state
the rule to computethe expectedvalueof ¥ = ¢(X), wherey = g(z) is a given
function.

(c) Supposethat a randomvariable X hasan exponentialdistribution with parameter
A=2,andletY = e X,
(i) Determinethe setof possiblevaluesof the randomvariable Y, and obtainits
cumulatve distribution function Fy (y) = P{Y < y}.
(i) Using the resultof part (i) in orderto derive the probability density function
fr(y), or otherwise gvaluatethe meanvalue E(Y).

(i) LetY; bethefirst digit in a decimalexpansionof Y. Obtainthe probability that
Y1 =6.

(a) Four peoplearechoserat randomfrom six couples.Whatis the probability that two
menandtwo womenareselected?

(b) An elevatorin abuilding startswith 4 peopleandstopsat 7 floors. If eachpassenges
equallylikely to getoff atary floor, independentlpf theotherswhatis theprobability
(to 3 significantfigures)thatat leasttwo passengergetoff atthe samefloor?

(c) An insurancecompaty classifiegpeopleinto oneof threeclasses—goodrisk (20%),
averagerisk (50%) and bad risk (30%). It also believesthat the probability of an
accidentclaim arisingin arny one-yearperiodis 0.05 for goodrisk clients, 0.15 for
averagerisk clientsand 0.30 for badrisk clients.

() A new clienttakesoutinsurancewith them. Whatis the probability that he will
make anaccidentclaimin thefirst year?

(i) Giventhatapolicy holderhadno accidentsn 2006,find the probabilitythatheis
of averagerisk.

(a) Thetime it takesfor a studentto finish an aptitudetest(in hours)hasa probability
densityfunctionof theform

f(:v)z{ c(l—-z)2—-2) if 1<z<2,

0 otherwise

(i) Determinetheconstantc.
(i) How longwill it take on averagefor a studento completethetest?
(i) Whatis theprobabilitythatarandomlyselectedstudentwill finishthetestin less
than78 minutes?
(b) Let X;, X, and X3 beindependentandomvariableswith zeromeanandvariancel .
Determinethe covariancebetweenY; = 2X; — X, andY, = X3 4+ 2X5.

(c) Supposéhatacloudseededvith silveriodidewill shav splendidgrowth with proba-
bility 0.6. Let 54 cloudsbe seededvith silveriodide. Usinga normalapproximation
with the continuity correction,obtainthe probability thatat least32 cloudswill show
splendidgrowth.
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Normal Distribution Function Tables

Thefirst tablegives

9(z) = — / ey
)= —F— €

V2T J o Y
andthis correspondso theshadedareain thefig-
ure to theright. ®(x) is the probability that a
randomvariable,normally distributed with zero
meanandunit variancewill belessthanor equal
to z. Whenz < 0 use®(z) =1 — ®(—x), as
the normal distribution with meanzerois sym-
metric aboutzero. For interpolationusethe for-

mula

O(z) = O(x1) +

0.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50

r — T

T2 — I

(1 < T < z2)

0.5000 0.50
0.5199 0.55
0.5398 0.60
0.5596 0.65
0.5793 0.70
0.5987 0.75
0.6179 0.80
0.6368 0.85
0.6554 0.90
0.6736 0.95
0.6915 1.00

0.6915
0.7088
0.7257
0.7422
0.7580
0.7734
0.7881
0.8023
0.8159
0.8289
0.8413

1.00
1.05
1.10
1.15
1.20
125
1.30
135
1.40
1.45
1.50

((I)(iL‘Q) - (I)(iL‘l))

0.8413
0.8531
0.8643
0.8749
0.8849
0.8944
0.9032
0.9115
0.9192
0.9265
0.9332

0.4

0.2

0.1

0.0

150 0.9332
155 0.9394
1.60 0.9452
1.65 0.9505
1.70 0.9554
1.75 0.9599
1.80 0.9641
1.85 0.9678
190 0.9713
195 0.9744
200 0.9772

2.00
2.05
210
215
2.20
2.25
2.30
2.35
240
245
250

Theinversefunction ®~1(p) is takulatedbelow for variousvaluesof p.

Table 2

P 0.900

0.950

0.975

0990 0.995

0.999

®~1(p) 1.2816 1.6449 1.9600 2.3263 2.5758 3.0902

END

0.9772
0.9798
0.9821
0.9842
0.9861
0.9878
0.9893
0.9906
0.9918
0.9929
0.9938

0.9995
3.2905

250
2.55
2.60
2.65
2.70
2.75
2.80
2.85
290
2.95
3.00

0.9938
0.9946
0.9953
0.9960
0.9965
0.9970
0.9974
0.9978
0.9981
0.9984
0.9987



