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INTRODUCTION TO PROBABILITY

Timeallowed:2 hours

AttemptALL questionsin SectionA andTHREEquestionsfrom SectionB.

For SectionA, only write down asingleletteranswerfor eachquestion.

SectionA is worth40%of theexaminationsmarks.

All questionswithin eachsectioncarryequalmarks.
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Section A

AttemptALL questionsin SectionA.

For eachquestion,write down asingleletteranswer.

A1. If events � and � haveprobabilities ��� � and ��� � , respectively, and �
	 ���
��������� � , what
is theprobabilitythatbothevents � and � occur?

A: 0.4 B: 0.21 C: 0.2 D: 0.8 E: 1

A2. A computercompany providesaninsurancepolicy for oneof its systems.If thesystemfails
duringthefirst year, thepolicy pays£3,000.Thebenefitdecreasesby £1,000eachyearuntil
it reaches£0. If thesystemhasnot failedat thebeginningof a year, theprobability that it
fails duringthatyearis ��� � . How muchmustthecompany chargefor theinsurancepolicy
sothat,on average,its netgainperpolicy is £100?

A: £570 B: £500 C: £561 D: £700 E: £661

A3. Let � be a geometricallydistributedrandomvariablewith parameter������� � . Set ������ � � �"! #�$ , sothat �%��� when �'&(# and �)�*# otherwise.Whatis theexpectedvalue
of � ?

A: 1.20 B: 1.25 C: 1.12 D: 4.00 E: 5.00

A4. Supposethattheinfantmortality rateis + per � �,�-� births. UsethePoissonapproximation
to evaluatetheprobabilitythatthereareat most # infantdeathsoutof .-�,� births.

A: 0.010 B: 0.406 C: 0.677 D: 0.323 E: 0.594

A5. In a small lottery, � � tickets are sold (numbered �-! #-! � � � ! � � ). Two lucky numbersare
drawn at randomfor prizes.You hold two ticketsnumbered� and . . Whatis theprobabil-
ity thatyouwin at leastoneprize?

A:
�+ B:

�� � C:
/
#,+ D:

�,�.�+ E:
#,�.�+

A6. Five peopleplay a gameof “odd manout” to determinewho will pay for the pizzathey
ordered.Eachflips a coin. If only onepersongetsheads(or tails) while theotherfour get
tails (or heads),thenhe is theoddmanandhasto pay. Otherwisethey flip again.What is
theexpectednumberof tossesneededto determinewho will pay?

A: ��� � B: ��� # C: #�� � D: #-� + E: �,� 0
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A7. Thenumberof emergency patientsarriving to ahospitalduringa typicalFridayhasa Pois-
sondistributionwith parameter1"2*3�4 5 . Whatis theprobabilitythat,on a givenFriday, at
leasttwo patientswill arrive?

A: 0.997 B: 0.981 C: 0.984 D: 0.508 E: 0.661

A8. Supposethatthelifetime of a light bulb producedby acertaincompany is anormalrandom
variablewith mean 6 7-7,7 hoursandstandarddeviation 6 7,7 hours.Whatpercentageof light
bulbsproducedby thatcompany will lastat least 5-7,7 hours?

A: 15.87% B: 30.85% C: 31.74% D: 68.26% E: 84.13%

A9. A balanceddie is rolled 6 8-7 times. Let 9 bethenumberof timeswherethedie shows a
“6”. Usethe normalapproximationwith continuity correctionto evaluatethe probability
that 9�2(:,7 .

A: 0.0398 B: 0.0796 C: 0.5000 D: 0.0056 E: 0.1192

A10. Accordingto anopinionpoll in acertaincountry, 3,;-< of menand :-:-< of womenbelieve
in aliensfrom outerspace.Thegovernmentalstatisticsshows that ;,8�< of adultsaremen.
Whatpercentageof adultpopulationbelieve in aliens?

A: 28.71% B: 43.50% C: 43.92% D: 43.08% E: 41.76%

Section B

AttemptTHREEquestionsfrom SectionB.

B1. (a) Let = , > , and ? bearbitraryevents.Determineif thefollowing equalityis correct:@ =�AB>DCFE"?)2 @ =�E"?GCFA @ >*EH?DC 4
Illustrateyour answerusingVenndiagrams.

(b) Supposethat ;-7-< of peoplein acertaintownsubscribeto newspaperA, I,7�< to news-
paperB, and :-7-< do not subscribeto eitherof thepapers.If someonesubscribesto
newspaperA, whatis theprobabilitythatthis personalsosubscribesto newspaperB?

(c) Supposethat,onaverage,1 < of acertainbrandof Christmaslight bulbsaredefective.
Computetheprobability that in a box of 25 therewill beat mostonedefective bulb.
Usethe Poissonapproximationto computethe sameprobability, andbriefly explain
whetheraclosematchcouldbeanticipated.(Give theanswersto ; decimalplaces.)
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B2. (a) If events J and K areindependent,arethe events JML and K independentaswell?
Explainyouranswercarefullyby referringto thedefinitionof independentevents.

(b) For adiscreterandomvariable N with probabilitymassfunction O�PRQ S T , statetherule
to computetheexpectedvalueof U%V�WFQ NXT , where YDV�WFQ S T is agivenfunction.

(c) Let N bea numberpickedat randomaccordingto theuniform distribution on Z [�\ ] ^ ,
andset U%V*_ N .

(i) Evaluatethemeanof U .

(ii) Let UF` be the first digit in a decimalexpansionof U . Show that UF`�Va[ with
probability [�b [�] . Obtaintheprobabilitydistributionof U ` andcomputecFQ U ` T .

B3. (a) As you know, J�deK is theevent thatat leastoneof events J and K occurs.Using
setnotation,expresstheevent thatexactly oneof J and K occurs,anddraw a Venn
diagramto representthis event.

(b) A blood testfor hepatitisis f-[-g effective in detectingthe diseasewhenit is in fact
present.However, the testyields a positive result for ],g of healthypersonstested.
Thediseaseratein thegeneralpopulationis ] in ] [,[-[,[ .

(i) What is the probability that a personwho receivesa positive testresultactually
hashepatitis?

(ii) A patientis sentfor abloodtestbecausehehaslosthisappetiteandhasdeveloped
jaundice,that is, yellownessof theskin andof thesclera(the white of the eye).
Thephysicianknows that this typeof patientwill have hepatitiswith probability[�b h . If this patientgetsa positive resulton his bloodtest,what is theprobability
thathehashepatitis?

Giveyouranswersto i significantfigures.

(c) Supposea balancedcoin is tossedrepeatedly, andlet j denotethenumberof tosses
until thefirst headis obtained.Determinetheprobabilitythat j is anoddnumber.

B4. (a) Supposethata randomvariable N hasaPoissondistributionwith parameterk . Show
that its probability generatingfunction is given by lMPRQ m TDVon p�q rsq t . Using this or
otherwise,obtaintheexpectedvalueof N .

(b) Let N and U be independentrandomvariablessuchthat cFQ NuTHVv[ , cFQ UDTHVw] ,xzy,{ Q NXT|V*} , and
x
y,{ Q UDT|V)] . Considera new randomvariable, ~(V(Na��},U . Find

thevarianceof ~ andthecovariance�F� ��Q Ne\ ~MT .
(c) A continuousrandomvariable N hasprobabilitydensityfunctiongivenby

� P Q SFT�V ��� S if [D��S"�)],\[ otherwise.

(i) Determinetheconstant
�

andobtainthemeanof N .

(ii) For the randomvariable U�V'Ne� , obtain its cumulative distribution function�z� Q S T andprobabilitydensityfunction
� � Q SFT .
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Normal Distribution Function Tables

Thefirst tablegives�B� �s�F���� � �
�H����e� ���� � � � �
andthiscorrespondsto theshadedareain thefig-
ure to the right.

�B� �s�
is the probability that a

randomvariable,normally distributedwith zero
meanandunit variance,will belessthanor equal
to
�

. When
�e �¡

use
�B� �s��� �|¢ �B� ¢ �s� , as

the normal distribution with meanzero is sym-
metricaboutzero. For interpolationusethe for-
mula�B� �s�F£��B� �s¤ �s¥ � ¢ �s¤��¦ ¢ �s¤M§ �B� ��¦ � ¢ �B� �s¤ � ¨
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Table 1©«ªB¬ ©s­®©«ªB¬ ©s­®©«ªB¬ ©s­®©«ªB¬ ©s­®©«ªB¬ ©s­¯©«ªB¬ ©s­
0.00 0.5000 0.50 0.6915 1.00 0.8413 1.50 0.9332 2.00 0.9772 2.50 0.9938
0.05 0.5199 0.55 0.7088 1.05 0.8531 1.55 0.9394 2.05 0.9798 2.55 0.9946
0.10 0.5398 0.60 0.7257 1.10 0.8643 1.60 0.9452 2.10 0.9821 2.60 0.9953
0.15 0.5596 0.65 0.7422 1.15 0.8749 1.65 0.9505 2.15 0.9842 2.65 0.9960
0.20 0.5793 0.70 0.7580 1.20 0.8849 1.70 0.9554 2.20 0.9861 2.70 0.9965
0.25 0.5987 0.75 0.7734 1.25 0.8944 1.75 0.9599 2.25 0.9878 2.75 0.9970
0.30 0.6179 0.80 0.7881 1.30 0.9032 1.80 0.9641 2.30 0.9893 2.80 0.9974
0.35 0.6368 0.85 0.8023 1.35 0.9115 1.85 0.9678 2.35 0.9906 2.85 0.9978
0.40 0.6554 0.90 0.8159 1.40 0.9192 1.90 0.9713 2.40 0.9918 2.90 0.9981
0.45 0.6736 0.95 0.8289 1.45 0.9265 1.95 0.9744 2.45 0.9929 2.95 0.9984
0.50 0.6915 1.00 0.8413 1.50 0.9332 2.00 0.9772 2.50 0.9938 3.00 0.9987

Theinversefunction ª�°�± ¬ ²�­ is tabulatedbelow for variousvaluesof ² .

Table 2 ² 0.900 0.950 0.975 0.990 0.995 0.999 0.9995ª�°s± ¬ ²�­ 1.2816 1.6449 1.9600 2.3263 2.5758 3.0902 3.2905

END
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