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INTRODUCTION TO PROBABILITY
Time allowed: 2 hours
AttemptALL questionsn SectionA andTHREE questiongrom SectionB.
For SectionA, only write down a singleletteranswerfor eachquestion.
SectionA is worth 40% of the examinationsmarks.

All questionswithin eachsectioncarryequalmarks.
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Section A

AttemptALL questionsn SectionA.
For eachquestionwrite down a singleletteranswer

If events A and B have probabilities0.7 and0.3, respectiely, andP(A U B) = 0.8, what
is the probabilitythatbothevents A and B occur?

A:0.4 B:0.21 C:0.2 D:0.8 E: 1

A computercompalry providesaninsurancepolicy for oneof its systemslf thesystentails
duringthefirst year thepolicy pays£3,000. ThebenefitdecreaseBy £1,000eachyearuntil
it reache<£0. If the systemhasnot failed at the beginning of a year the probability that it
fails duringthatyearis 0.1. How muchmustthe compaly chage for theinsurancepolicy
sothat,on averagejts netgainperpolicy is £100?

A: £570 B: £500 C: £561 D:£7/00 E: £661

Let X beageometricallydistributedrandomvariablewith parametep = 0.8. SetY =
min{X, 2}, sothatY = X whenX < 2 andY = 2 otherwise Whatis theexpectedvalue
of Y?

A:1.20 B:1.25 C:1.12 D:4.00 E:5.00

Supposedhattheinfantmortality rateis 5 per 1000 births. Usethe Poissomapproximation
to evaluatethe probabilitythatthereareatmost2 infantdeathsout of 400 births.

A:0.010 B:0.406 C:0.677 D:0.323 E:0.594

In a small lottery, 10 ticketsare sold (humberedl,2,...,10). Two lucky numbersare
dravn atrandomfor prizes.You hold two ticketsnumberedl and4. Whatis the probabil-
ity thatyou win atleastoneprize?

1 2
B:i C:g D:—7 8

A 0 o5 Pz B

Ot =

Five peopleplay a gameof “odd manout” to determinewho will pay for the pizzathey
ordered.Eachflips a coin. If only onepersongetsheadqor tails) while the otherfour get
tails (or heads)thenheis the odd manandhasto pay Otherwisethey flip again. Whatis
the expectednumberof tossesieededo determinevho will pay?

A:30 B:32 C:20 D:25 E: 1.6
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A7. Thenumberof emepgeng patientsarriving to a hospitalduringatypical Friday hasa Pois-
sondistribution with parameter\ = 5.9. Whatis the probabilitythat,on a givenFriday, at
leasttwo patientswill arrive?

A:0.997 B:0.981 C:0.984 D:0.508 E: 0.661

A8. Supposehatthelifetime of alight bulb producedy acertaincompaty is anormalrandom
variablewith mean1000 hoursandstandardieviation 100 hours.Whatpercentagef light
bulbs produceddy thatcompalry will lastatleast900 hours?

A:15.87% B:30.85% C: 31.74% D: 68.26% E: 84.13%

A9. A balancedlieis rolled 180 times. Let X bethe numberof timeswherethe die shavs a
“6”. Usethe normalapproximationwith continuity correctionto evaluatethe probability
that X = 30.

A:0.0398 B:0.0796 C:0.5000 D:0.0056 E:0.1192

A10. Accordingto anopinionpoll in acertaincountry 54% of menand33% of womenbelieve
in aliensfrom outerspace.The governmentaktatisticsshavs that 48% of adultsaremen.
Whatpercentagef adultpopulationbelievein aliens?

A: 28.71% B:43.50% C: 43.92% D: 43.08% E: 41.76%

Section B

Attempt THREE questiondrom SectionB.

Bl. (a) Let A, B, andC bearbitraryevents.Determineif thefollowing equalityis correct:
(AA\B)NnC=(AnC)\(BnNC(O).

lllustrateyour answermsingVenndiagrams.

(b) Supposéhat40% of peoplein acertaintown subscribeo nevspape@, 60% to news-
paperB, and 30% do not subscribeto eitherof the papers.If someonesubscribeso
newspapeld, whatis the probabilitythatthis personalsosubscribeso nevspapeB?

(c) Supposehat,onaverage1% of acertainbrandof Christmadight bulbsaredefectie.
Computethe probability thatin a box of 25 therewill be at mostonedefectve bulb.
Usethe Poissonapproximationto computethe sameprobability, andbriefly explain
whethera closematchcould be anticipated (Give theanswergo 4 decimalplaces.)
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B2. (a) If events A and B areindependentarethe events A and B independentaswell?
Explainyour answercarefully by referringto the definition of independenévents.

(b) Foradiscreterandomvariable X with probabilitymassfunctionpx(z), statetherule
to computethe expectedvalueof Y = ¢(X), wherey = g(z) is agivenfunction.

(c) Let X beanumberpickedat randomaccordingto the uniform distributionon [0, 1],
andsetY = vX.

(i) Evaluatethemeanof Y.

(i) Let Y] bethefirst digit in a decimalexpansionof Y. Shaov thatY; = 0 with
probability 0.01. Obtainthe probabilitydistribution of ¥; andcomputeE(Y;).

B3. (a) Asyouknow, A U B is theeventthatat leastoneof events A and B occurs.Using
setnotation,expressthe eventthatexactly oneof A and B occurs,anddrav a Venn
diagramto representhis event.

(b) A bloodtestfor hepatitisis 90% effective in detectingthe diseasawvhenit is in fact
present.However, the testyields a positive resultfor 1% of healthypersongested.
Thediseaseatein thegenerapopulationis 1 in 10000.

() Whatis the probability thata personwho recevesa positive testresultactually
hashepatitis?

(i) A patientis sentfor abloodtestbecauséehaslosthis appetiteandhasdeveloped
jaundice,thatis, yellownessof the skin andof the sclera(the white of the eye).
The physicianknows thatthis type of patientwill have hepatitiswith probability
0.5. If this patientgetsa positive resulton his blood test,whatis the probability
thathe hashepatitis?

Giveyouranswergo 3 significantfigures.

(c) Suppose balancedcoin is tossedrepeatedlyandlet 7' denotethe numberof tosses
until thefirst headis obtained.Determinethe probabilitythat 7' is anodd number

B4. (a) Suppose¢hatarandomvariable X hasaPoissordistributionwith parametet\. Shov
thatits probability generatingfunctionis givenby Gx(s) = e=***s. Using this or
otherwise pbtainthe expectedvalueof X .

(b) Let X andY beindependentandomvariablessuchthat E(X) = 0, E(Y) = 1,
Var(X) = 2, andVar(Y) = 1. Consideranew randomvariable,Z = X — 2Y". Find
thevarianceof Z andthecovarianceCov(X, Z).

(c) A continuougandomvariable X hasprobabilitydensityfunctiongivenby

fx(z) =

cx If 0<z<1,
0 otherwise.

(i) Determinetheconstanic andobtainthemeanof X .

(i) For the randomvariableY = X2, obtainits cumulative distribution function
Fy(z) andprobability densityfunction fy(x).
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Normal Distribution Function Tables

Thefirst tablegives

9(z) = — / ey
)= —F— €

V2T J o Y
andthis correspondso theshadedareain thefig-
ure to theright. ®(x) is the probability that a
randomvariable,normally distributed with zero
meanandunit variancewill belessthanor equal
to z. Whenz < 0 use®(z) =1 — ®(—x), as
the normal distribution with meanzerois sym-
metric aboutzero. For interpolationusethe for-

mula

O(z) = O(x1) +

0.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50

r — T

T2 — I

(1 < T < z2)

0.5000 0.50
0.5199 0.55
0.5398 0.60
0.5596 0.65
0.5793 0.70
0.5987 0.75
0.6179 0.80
0.6368 0.85
0.6554 0.90
0.6736 0.95
0.6915 1.00

0.6915
0.7088
0.7257
0.7422
0.7580
0.7734
0.7881
0.8023
0.8159
0.8289
0.8413

1.00
1.05
1.10
1.15
1.20
125
1.30
135
1.40
1.45
1.50

((I)(iL‘Q) - (I)(iL‘l))

0.8413
0.8531
0.8643
0.8749
0.8849
0.8944
0.9032
0.9115
0.9192
0.9265
0.9332

0.4

0.2

0.1

0.0

150 0.9332
155 0.9394
1.60 0.9452
1.65 0.9505
1.70 0.9554
1.75 0.9599
1.80 0.9641
1.85 0.9678
190 0.9713
195 0.9744
200 0.9772

2.00
2.05
210
215
2.20
2.25
2.30
2.35
240
245
250

Theinversefunction ®~1(p) is takulatedbelow for variousvaluesof p.

Table 2

P 0.900

0.950

0.975

0990 0.995

0.999

®~1(p) 1.2816 1.6449 1.9600 2.3263 2.5758 3.0902

END

0.9772
0.9798
0.9821
0.9842
0.9861
0.9878
0.9893
0.9906
0.9918
0.9929
0.9938

0.9995
3.2905

250
2.55
2.60
2.65
2.70
2.75
2.80
2.85
290
2.95
3.00

0.9938
0.9946
0.9953
0.9960
0.9965
0.9970
0.9974
0.9978
0.9981
0.9984
0.9987



