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1. (i) Determine which of the following are groups. For those which are, state the identity and
inverses. For those which are not, give one axiom that fails:

(a) theset {.. .,—%, -2, —%, -1, —%,O, %, 1,3,2, %, ..} of rational numbers of the form /2 for o

an integer, under addition,

(b) {2,4,6,8,10} under multiplication mod 12,

{¢) {1,3,5,9,11,13} under multiplication mod 14,

(d) the set {0,1,2,3} under the operation given in the table:

o 1 2 3
012 0 3 1
111 3 0 2
210 1 2 3
313 2 1 0
(ii) Prove that for any prime number n, {1,2,3, ..,n — 1} forms a group under multiplication

mod n. [You may assume without proof that if m and n are coprime then there are integers z and
y such that mz + ny = 1] Calculate the order of this group when n = 19, and find a subgroup of

order 3
2. (i) Define the direct product G x H of two groups G and I, and prove that G x H is a group
Show further that G x H is abelian if, and only if, both G and I are abelian

(ii) Show that Zsg, Zg X Zg, and Zg X Zy x Zs ate all abelian groups of order 8, and by considering
the orders of their elements, or otherwise, show that no two of them are isomorphic.

Given that the group {1,3,7,9,11,13,17,19} under x mod 20 is isomorphic to one of the three
given groups, determine which one it is

(ifi) Describe a non-abelian group of ordexr 8 having exactly two elements of order 4, and find the

orders of its other elements
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3. (i) Determine which of the following four groups are isomorphic, giving reasons.

(a) {1,2,3,4} under multiplication mod 5,

(b) the set of integers in {1,2,. .,8} coprime with 9 under multiplication mod 9,

{¢) the set of integers in {1,2, ..,11} coprime with 12 under multiplication mod 12,

(d) the group of symmetries of a (non-square) rectangle.

(ii) Find all zight and left cosets of the subgroup {I,CY} of the dihedral group Dj of order 6, whose
table is given

QW

QW e o
bl = O = e
e N l= RN
v e O W
MW O W
— I OO

(iii) Prove Fermat’s Little Theorem, that if p is a prime number, then for any integer a,

@ = o mod p [Any standard results of group theory used should be clearly stated.] Hence
calculate the remainder on dividing 3%°% by 101, justifying your method.

. (i) Define permutation of a set X Prove that any permutation of a finite set can be written as a
product of disjoint eycles

i 2 3 4 5 86 1 2 3 4 5 6 7 8
36475281>andg:23674851)
of {1,2,3,4,5,6,7,8}, write each of f,g, fg,gf and fg~! as a product of disjoint cycles, and de-
termine which of them are even.

(ii) For the permutations f = (

(iii) Describe all conjugacy classes of Sy, the group of all permutations of {1,2,3,4}, quoting
cleatly any standard results needed to justify this. Find the order of 84 and the number of elements
in each conjagacy class

. (i) The group table of the quaternion group @ is given Which of the following subgroups are
normal?  (a) {1,a,a2,6%},  (b) {1,b,a% a%b}. Give reasons.

1 a o a& b ab o? a%
1 1 ) at  a® b ab a’b a’b
a a 2 d® 1 ab  a®h &b b
a2 | a? b 1 a a%b o b ab
a® | & 1 a a? &b b ab  ab
b b a% a®b ab & o 1 a°
ab | ab b a3 o?b &b d® a 1
a’b | a®b  ab b &b 1 a® 3
a’h i a3b a*b  ab b a 1 a®  a?

(if) Find all the right cosets of the normal subgroup N = {1,a®} of Q, and draw up the group
table for the quotient group @/N Is this group cyclic?

(iit) Describe a homomorphism 8 from @ onto Q /N What is the kernel of 67
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