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Physical Constants
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Permittivity of free space £0 Fm
Permeability of free space 10 Anx10"  Hm?
Speed of light in free space c 2998 x 108 ms™
Gravitational constant G 6.673 x 10™* N m? kg™
Elementary charge e 1.602x 107 C

Electron rest mass e 9.109 x 107! kg

Unified atomic mass unit my 1.661 x 107%" kg

Proton rest mass mp 1.673 x 107" kg
Neutron rest mass i 1.675x 107%" kg

Planck constant h 6.626 x 107 Js
Boltzmann constant kg 1.381x 102 JK*
Stefan-Boltzmann constant o 5670 x10° Wm?K™*
Gas constant R 8.314 Jmol™ K™
Avogadro constant Na = 6.022x10® mol™
Molar volume of ideal gas at STP 2241 x 102 m°

One standard atmosphere Py 1.013x10° Nm™

Useful formulae

+00 ~ n!
I x"e Pdx=—2= y>0
0 Y

For a one-dimensional harmonic oscillator of mass M and angular frequency @

E, :ha)(n+%j n=012,..

- h n A - Moh .~ .
X= 2Ma)(a+af), p=-i 5 (a—aT)
&T|n>:\/n+1|n+l>, a|n>=\/;|n—1>

For a rigid rotator of moment of inertia |

hZ

E=oi(+1) 12012,

2 SEE NEXT PAGE



The Laplacian in spherical coordinates is

o 20 1(& aJ+ 1 ¢

+cot$— :
or* ror r*\o% 09 ) r’sin® 9 op?

.1 . . A
For a spin 5 system, the Cartesian components of the spin operator S are

- n(0 1) s a0 <) s Al O
§.=2 VA D A .
2(1 o) " 72l o 200 -1

CP3221

3 SEE NEXT PAGE



CP3221

SECTION A

Answer SECTION A on the question paper in the space below each question. If you require

more space, use an answer book. Answer as many parts of this section as you wish. Your total
mark for this section will be capped at 40.

1.1)  Using [%,p,]=ihl, show that [ %, p, | = 2ih% .

[5 marks]
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1.2)
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The Hamiltonian of a three-dimensional anisotropic harmonic oscillator with mass M
has the form

hz(az o &

1 2.2 2.2 2_2
axz+ay2+622J+§M(coxx +toy +oz )

and can be expressed as a sum of three Hamiltonians H_, H,and H_ for one-
: : . . 2
dimensional harmonic oscillators. For the case o, = o, =32 =0 calculate the three

lowest energy eigenvalues of H and show that their degeneracies are 1, 2 and 1.

[7 marks]
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1.3) For the two operators

1 0 O 0 i =3
A=|0 7 -3i| and B=| i 0 i
0 3 5 -3 — 0

calculate A"and B'. Are 4 and B Hermitian?

[6 marks]
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1.4)  Define the parity operator P in one-dimension and demonstrate that 2> =1. Find its
eigenvalues.
[6 marks]
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1.5) A one-dimensional infinite potential well of length L is described by the potential
0 0<x<L
V(x) =

+o0 elsewhere
The normalized eigenfunctions of a particle in the potential V(x) are

2 . (nrx
Zsin| — <x<L
é, = \/Lsm( L j 0<x n=1273..

0 elsewhere

Vo, 0<x<L/2

The bottom of the well is modified by the perturbation flp = {0 lsewh
elsewhere

where ¥ is a constant.

Show that the first order energy shift due to the perturbation is %for all n.

[7 marks]
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1.6)  Find the two eigenvalues and the corresponding eigenstates of the spin operator
~ 01
§ =M 2
2 (1 Oj

1 A
If a system is in the state (OJ find the probabilities that a measurement of S yields

each eigenvalue.

[7 marks]
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1.7)  Consider a system of two non-identical spin % particles with the Hamiltonian

N

€ (a ala &(a o \?
H=h—§(81+82)-81—h—i(512+522)
where g, and &, are constants with the dimension of energy and él and §2 are the spin

operators for the two particles with z-components 512 and 3‘22 respectively. Find the

energy levels and their degeneracies for this system.
[8 marks]
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1.8) Assuming that Hund’s rules apply, derive an expression for the spectroscopic terms of
the ground state of chlorine (Cl, atomic number Z=17) and magnesium (Mg, Z=12).

[6 marks]
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1.9) Calculate the wavelength of the radiation absorbed by a CO molecule in a transition
between the rotational level states /=0 and /=1. The equilibrium separation between

the carbon (Z=6) and oxygen (Z=8) nuclei is 1.124x10™"°m .

[8 marks]
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SECTION B - Answer TWO questions
Answer SECTION B in an answer book.

Let the eigenstates and eigenvalues of the unperturbed Hamiltonian 1510 be denoted by

2

|<|>n> with E respectively. The second order energy shift due to the time-independent
perturbation I—?pwhich is added to 190 is:
¢k ﬁp ¢n>
CCL E

k#n

The Hamiltonian of a one-dimensional harmonic oscillator of mass M and angular
frequency wis

a) A small perturbation I:Ip = Ax is now added to FIO.
i) Show that, to first order in A, the energy levels of the harmonic oscillator are

not shifted.
[6 marks]
i) Show that, to second order in A, all the energy levels are shifted by
12
2M @*
[10 marks]

b) A different perturbation PAII’, = Ax?is now added to 190.
i) Show that, to first order in A, the energy shift of the »™ energy level is

ﬂ(l’l+1] n=0,12,....
Mo 2

[7 marks]

i) Show that the exact energy levels of the Hamiltonian H= ﬁo +1§1’7 are

ha),/1+ le(rz—kiJ n=0,12,..
Mo 2

and demonstrate that when 1 < M®’the results obtained with first order
perturbation theory are a good approximation of the exact energy levels of H.

[7 marks]
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b)

CP3221

Consider a Hamiltonian F with a discrete non-degenerate spectrum and ground state
energy E,; for an arbitrary normalized trial wavefunction |\|;> prove that
<\|f \V> 2 Ey .

N

H

[8 marks]

A non-relativistic particle of mass M moves subject to a central potential

an®
Vir)=- e
( ) 3Ma2
where r is the distance from the origin and « is a positive constant. It occupies the

ground state.

pr

)] Consider a trial wavefunction proportional to exp(—z—j, where £ isa
a

positive parameter that can be varied, and normalize it.
[6 marks]

i)  Use the variational method to show that an upper limit for the ground
state energy of the particle in the potential V(r) (as a function of the

variational parameter £ ) is
w(pY 4 ( pY
2M \ 2a 3Ma®\ f+1)

iii)  Verify that the upper limit for the ground state energy in ii) has a
minimum at =1 and hence estimate the ground state energy for the

[11 marks]

particle in the central potential V(7).
[5 marks]
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Let the eigenstates of the unperturbed Hamiltonian be denoted by |¢k> with
eigenvalues %o, .

In first-order time-dependent perturbation theory, the amplitude c,H,(t) for a
transition due to the time-dependent perturbation ¥ (r) from a state |o,) to a
state |¢,) is:

¢ (r)=l.ihj<¢, P(5) ) i

f

A spin %system, which is subject to the static magnetic field in the z-direction

(0, 0, B,), isdescribed by the Hamiltonian ﬁo = —;/Boﬁz.

Initially, at z, =0, the spin of the system is pointing in the negative z-direction.

a) At =0 a rotating weak magnetic field in the xy-plane
(B,coswt, B sinwt, 0) is switched on. This gives rise to the time-dependent
perturbation

I}(t)=—yBl(§x coswr + S, sin a)t).
§x : §y and 3‘2 are the components of the spin operator S, a form for which can be
found in the rubric.

i) Using first-order time dependent perturbation theory, show that the probability
that at time ¢ the spin points in the positive z-direction is
y’B? in? (0+yB,)t
(0+yB, )2 2

[14 marks]

ii) Evaluate this probability in the case of resonance (i.e. when 7% is equal to the
energy difference for the spin-up and spin-down eigenstates). Show that in this
case, perturbation theory must break down for sufficiently large z, however
weak B, is. How small should ¢ be for perturbation theory to hold?

[6 marks]
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b) If the magnetic field that is switched on at #,=0 is (Be™, 0, 0) where
£ >0, giving rise to the time-dependent perturbation
I}'(t) ——yBSe”,

show that, using first-order time-dependent perturbation theory, the probability
that at long times (¢ — +o0 ) the spin points in the positive z-direction is

72312
4B +7°By)

[10 marks]
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