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Physical Constants

Permittivity of free space
Permeability of free space
Speed of light in free space
Gravitational constant
Elementary charge
Electron rest mass

Unified atomic mass unit
Proton rest mass

Neutron rest mass

Planck constant

Boltzmann constant
Stefan-Boltzmann constant
Gas constant

Avogadro constant

Molar volume of ideal gas at STP
One standard atmosphere
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For a one-dimensional harmonic oscillator of mass m and angular frequency @
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SECTION A — Answer all parts of this section

N N

Prove that, for any pair of linear operators Aand B, [,?1,}}2] = [ﬁ,lﬂB + B[ﬁ,é} :
Using [, p,]=ihl, show that [ %, p? | = 2ip, .
[5 marks]

Calculate the expectation value and the uncertainty of the position operator x for a
particle in a state described by the normalized wavefunction

_ a g —ax2/2
w(x)—(;) e —00 < X < 400

where a is a real positive constant.
[6 marks]

Show that, for a harmonic oscillator of mass m and angular frequency o with
eigenstates|n),

h
[8 marks]

Find the two eigenvalues and the corresponding eigenstates of the spin operator

. 0 —i
§ = ds
7ol o

1 -
If the system is in the state |\|1> = (0] find the probabilities that a measurement of S

yields each eigenvalue.
[8 marks]
Consider two non-identical spin 5 particles with Hamiltonian

~ IS ~ A \2 Fes ~ ~ 2
H:h—g(sl+52) +h—g(Slz+S22)
where g,is a constant with the dimensions of energy and §1 and 52 are the spin

operators for the two particles with z-components S‘lz and 522 respectively. Find the

energy levels and their degeneracies.
[7 marks]

Assuming Hund’s rules apply, derive an expression for the spectroscopic terms of
the  ground state of fluorine (F, atomic number Z=9) and sodium (Na, Z=11).

[6 marks]
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b)
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SECTION B - Answer TWO questions

Consider a Hamiltonian A with a discrete non-degenerate spectrum and
ground state energy E,, and an arbitrary trial wavefunction |\|1> chosen to

be normalized. Prove that

(v

N

H\|1>2E0.

[8 marks]

A particle of mass m is moving in a one-dimensional triangular quantum well
described by the potential energy
+00 x<0
V(x)=
Vox x=0

)] For x>0, use a trial wavefunction proportional t0xexp(—,8x), where

S is a positive parameter that can be varied. Explain why this trial

wavefunction is a plausible choice and normalize it.
[6 marks]

i) Use the variational method to show that an upper limit for the ground
state energy (as a function of the variational parameter p) for the
particle in the potential 7 (x) is

h_zﬂZ +%
2m 2p3
[10 marks]

iii)  Use the variational method to estimate the ground state energy for this
particle.
[6 marks]
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3) A two-dimensional isotropic harmonic oscillator of mass m and angular frequency
o has the Hamiltonian

b)

R 2 2 2 1 ) )
a--I 8_2+8_2 +—moo2(x2 +y2).
2m\ ox° Oy 2
Show that the energy levels are given by
E,, =ho(n +n,+1); n =012.. ;n =012,..

Find the energies and eigenstates for the ground and first excited states (in
terms of the eigenstates |n> n=0,12,... of the one-dimensional harmonic
oscillator). Show that the ground state is non-degenerate and that the first
excited state is doubly-degenerate.

[7 marks]

Now add the following perturbation to the two-dimensional harmonic
oscillator Hamiltonian:

H, =223,

)] Using first-order non-degenerate perturbation theory, show that the
energy shift in the ground state due to ﬁp IS zero.

[8 marks]

i) Calculate the matrix elements of ﬁp between the eigenstates

corresponding to the first excited state level. Hence, using first-order
degenerate perturbation theory, show that the energy shifts in the first

A

: hA
excited state due to #, are equal to +—.
ma

[15 marks]
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Let the eigenstates of the unperturbed Hamiltonian be denoted by |¢k> with
eigenvalues %o, .

In first-order time-dependent perturbation theory, the amplitude ckﬁl(t) for a
transition due to the time-dependent perturbation A¥;(r) from a state o,) to a
state |¢,) is:

Cios (t) - %j.<¢l ‘/U}l(f)‘¢k>ei(@_%)gdf-

Consider a particle of mass m in a one-dimensional quantum well described by the
potential energy
0 if0<x<L
V(x)= .
+o0  otherwise
The energy and the normalized eigenstate for the n'
corresponding Hamiltonian are respectively

n’h? \/? . [ nrx
E = and =,|—sin| —
" 2ml? % (x) L L

where n=1,2,3,... and 0<x< L.
In the range 0 < x <L the system is perturbed by the additional time-dependent term

/U;l(x,t) = /I(x—gje_m’? .

" excited state of the

a) Using first-order time-dependent perturbation theory show that the probability
that a particle in the ground state (n=1) at t=—-c0 makes a transition to the
first excited state (n=2) at ¢ =+ is equal to
25621 oOn*h’t?
————exXp| ———— | .
815n°r’ 8m°L’
[18 marks]
b) Show that the transition probability from the ground state to the second

excited state (n=3) is zero.
[8 marks]

C) What happens to the transition probability calculated in a) for a very slowly

varying perturbation (i.e.z — +0)?
[4 marks]
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