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CP3221

Physical constants

Atomic Mass Unit My = 1.66 x 10727 kg
Boltzmann constant k=138x10"2% JK~!
Planck constant h =6.63 x 10734 Js
Speed of light c=3.00x 10% ms~!

The following information may be helpful:

(1)

(i)

(iii)

Pn,1,m (%) is the wave function of the electron of a hydrogen atom having principal
quantum number n, orbital angular momentum quantum number [ and orbital
angular momentum component quantum number m.

The following integrals may be assumed:

/¢§,l,m(ra 0, ¢)r cos 0o pr s (1,6, $)d’z = 0

for all 1,I' <2, |m| <, |[m/| <, except

/ 77D;,1,0(7ﬂ7 07 ¢)T Cos 0¢2,0,0(T5 07 ¢)d3$ = / ?/};7070(7,.7 07 ¢)7ﬁ Cos 0?/1271’0(7", 07 ¢)d3$

== —3a0,

where

Amh?
ag —

me?

is the Bohr radius, m being the mass of an electron.

Ly = / x™(a — z)"dx
0

m!n!agmtntl
= W with m,n Z 0.
m n H
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SECTION A — Answer SIX parts of this section

1.1) Show that the operators

. d
A=+ h—
g dx

. d
Al =2 — h—
o dx

satisfy the commutation relation

{A,AT } — 9.

Given that a Hamiltonian operator H satisfies
B, AT = nAl,

explain how AT may be interpreted as a creation operator of a quantum of energy
h.
[7 marks]

1.2) Define the operation of inversion P by its action on a wave function 1(x).
Given that the eigenfunctions of the electron of a hydrogen atom satisfy

Q/Jn,l,m(_x) - <_1)l¢n,l,m<x>7

deduce that
<n,L,m|Uln',l',m' >= e/@b;’l’m(x)E Xt e (X) P

is zero unless [ and !’ differ by an odd integer. In the above integral E is an
electric field.
[7 marks]

1.3) Describe how the wave function of an electron may be extended to take account
of spin and use first-order perturbation theory to calculate the shift in energy
caused by the potential

V=—"%.B
mo
due to the interaction of an electron of charge e and mass my with a magnetic
field B via its spin-operator §.
[7 marks]
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1.4)

1.5)

1.6)

1.7)

1.8)

CP3221

Define the operator ]512 that exchanges electrons in two-electron wave functions
¢(X17 x2) . R

Construct eigenfunctions of Pjo and determine the corresponding eigenvalues.
Show that a pair of electron spin states may be expressed as a symmetric triplet
and an anti-symmetric singlet.

[7 marks]

Write down the full electronic configuration for atomic 3*N and for atomic 55Sc.
Deduce the term symbol describing the ground state of each atom giving your

reasoning for each choice.
[7 marks]

The angular momentum L of a particle can be shown to be quantized according

to the expression
LY =1(l+1)R%

Use this to show that the rotational energy Eg,; of a diatomic molecule may be

written
Egot = BJ(J + 1),

where B is a molecular constant.
Draw the rotational energy level diagram for J = 0 to J = 5 indicating possible
excitations at room temperature.

[7 marks]

Write down the electronic configuration of (%4N)2.
Sketch the form of the molecular orbitals that are formed by linear combination
of atomic 2p orbitals and discuss their bonding character.

[7 marks]

Draw an energy-level diagram showing the first four rotational levels of the
v = 0 and v = 1 vibrational states of a diatomic molecule. Indicate the P and R
transitions from the v = 0, J” = 0 and 1 levels to rotational levels of the v = 1
state and deduce their energy separation in terms of the rotational constant B.

In the IR spectrum of H3°Cl the Py line is measured at 2865 em~! and the Ry
line is measured at 2906 cm~!. Use this information to estimate the length of
the HCI bond.

The rotational constant B = % where I is the moment of inertia of the

27
molecule.

[7 marks]
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SECTION B — Answer TWO questions

2) State an expression for the interaction potential between an electron of charge
e at position x and an electric field E and express it in spherical polar coordi-

nates.
[4 marks]

Show that an electron in the ground state of a hydrogen atom is unaffected by

an external electric field to first order of perturbation.
[10 marks]

Show that the energy of the first excited state of an electron of a hydrogen atom
splits as a result of an external electric field and calculate the magnitude of the
splitting to first order in the field-strength.

[12 marks]

Discuss the effect of the splitting on the emission line of hydrogen due to tran-

sitions between the first excited and ground states.
[4 marks]
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3) State the variational inequality for the energy of the ground state of a system.
[4 marks]

Suppose that the wave function of the ground state may be expressed as the sum
of two approximate wave functions and derive the Ritz determinantal condition
on the upper bound for the energy.

[10 marks]

A particle of mass m at position x in one dimension is subject to the potential

V(z)=0 0<z<a

=0 r<0 or zx>a.

Take a trial wave function that is a linear combination of

$1(z) = 2*(a — 2)
$2(z) = 2(a — 2)°

and use the Ritz formulation of the variational inequality to obtain an approxi-
mation to the energy of the ground state.
[14 marks]

Compare your result to the exact value

h2

o —_—
7 8ma?

[2 marks]
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The emission spectrum of He consists of two series of lines, one corresponding to
transitions between singlet states, the other between triplet states. Explain why
this is so and draw an energy level diagram showing the ground state and states
derived by exciting one electron to the n = 2 or n = 3 levels together with their
term symbols. Show the possible transitions between these states and explain
the basis for the information given in the diagram.

[10 marks]

If the He discharge is positioned in a 1 T magnetic field the emission line pro-
duced by a 'P; — 1S, transition is observed to split into three equispaced lines
with an energy separation of 9.27 x 10724 J.
Explain this observation and use the information to calculate a value for the
Bohr magneton.

[5 marks]

A 3P, — 3S; transition results in more complicated fine structure than that
observed for the singlet transition . Explain why this is so and sketch the form
of the fine structure that you would expect with a 1 T magnetic fie You may

assume that
_§+ S(S+1)—L(L+1)
9= 5 2J(J + 1)

where the symbols have their usual meanings.
[15 marks]

Show that the energy AFpg of the absorption lines in the P and R branches
of the absorption band associated with an electronic transition for a diatomic
molecule can be written as

AEpr = AEy+ (B'+ B")m + (B' — B")m?,

where M = +£1,2,3,... and a v/ = 0 — v = 0 transition is assumed.
Explain the significance of the various terms in the expression.
[15 marks]

For the molecule CO the v/ = 0 — v/ = 0 transition associated with the first
electronic excitation occurs at 65076 em~!. B” for the ground state is 1.931
cm~! and B’ for the electronically excited state is 1.612 cm~!. Calculate the
position of the band head and state whether it occurs in the P or R branch of
the spectrum. Calculate the fractional change in bond length which occurs on
excitation. The rotational constant B = % where I is the moment of inertia of
the molecule.

[15 marks]
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