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Constants

Atomic Mass Unit  m, = 1.66 x 10727 kg
Boltzmann constant kg = 1.38 x 10723 JK~!
Planck constant h =6.63 x 10734 Js
Speed of light c=3.00 x 10%8 ms~!

The following integrals may be assumed: m and n are positive integers, a > 0.
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SECTION A — Answer SIX parts of this section

A system is in a state |a > that is an eigenstate of an operator A corresponding to
eigenvalue a. A measurement is made of a physical observable represented by an
operator B with non-degenerate eigenstates |b > corresponding to eigenvalues b.

Write down the probability P(a,b) of observing a value b.

What is the state of the system after the measurement if a value of b has been
observed?

What is the condition that the A and B must satisfy if a subsequent measurement
of A is to be certain to yield the value a 7

[7 marks]

Show by explicit evaluation that the matrices

1. /0 1 1, /0 —i 1 1 0
01_2h<1 0)’ 02_2h<z’ 0 )’ 03_2h<0 —1)
satisfy the commutation relations of angular momentum
[il,ig] = ihLs.

Determine the eigenvectors of .

[7 marks]
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Consider a Hamiltonian, Hy, with two orthonormal eigenstates, |I > and |2 >,
which both correspond to the same eigenvalue, Fy, viz.

H()|1 > = E()‘l >
H()|2 > = E0|2 > .

Show that, if a perturbing term, U, is added to the Hamiltonian, then the first-order
perturbations, AE, of the energies of the two states are solutions of the equation

<1|Ul>-AE  <1|U]2>

< 2|U|1 > <oz > -ap| ="

[7 marks]

State the connection between spin and statistics. Show how the connection for
half-integer spin particles leads to the Pauli Exclusion Principle.
[7 marks]

Atomic zinc has a ground state electronic configuration
1522522p®3s23p©3d104s2.

Consider the ground state and the excited states that can be formed by exciting 4s
electrons to 4p and 5s orbitals, in that energy order, and deduce the term symbols
for these states.

State the selection rules that apply for transitions between the states and indicate

on energy level diagrams the possible emissions that can occur.
[7 marks]

The rotational energy of a diatomic molecule can be written as
E;=BJ(J+1),

where B is a molecular constant and J is the rotational quantum number.
Using this, write an expression for the ratio Nj/Ny, where N is the number of
molecules with energy FE; due to thermal excitation and Ny is the number with
J=0.
If B = 2.104 x 10722 Joules for HCI, find J for the state with the highest molecular
population at 3000 K.

[7 marks]
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The outer valence shell electronic configuration for molecular oxygen can be written
1md 17r§. The vibrational frequency for neutral oxygen is 1568 cm ™!, while the
frequencies for the 17, ! and 1z, " ions are 1025 cm™! and 1860 cm ™! respectively.
Calculate the fractional change in the force constant for the O-O bond occurring on
ionisation from these two orbitals and interpret the results in terms of the bonding
character of the molecular orbital involved.

You may assume that the vibrational frequency v of a diatomic molecule with force
constant k£ and reduced mass p is given by the expression

[7 marks]

Sketch the proton NMR spectrum produced by ethyl bromide CH3CH,Br and ex-
plain the observed structure in terms of chemical shift and spin-coupling processes.
[7 marks]
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SECTION B — Answer TWO questions

2) A particle of mass m in one dimension at position z is subject to the potential

Viz)=0 0<z<a
=00 r<0 or x>a.
Write down the time-independent Schrodinger equation. Show that the energy

eigenvalues are

En:(

2ma?

and evaluate the corresponding normalised wave-functions.

[15 marks]
Determine the first-order effect of the perturbing potential
V = ez?
on the energies of the ground and first excited states.
[15 marks]
3) Show that the lowest eigenvalue Fy of a Hamiltonian, H, satisfies
H
B, < SYIHY >
<¢ly>
where |1 > is any normalisable state.
[10 marks]

Hence determine an upper bound for the energy of the ground state of a particle
of mass m in one dimension that is subject to the potential

V(z) =00 <0
= A\x x>0,

by assuming the trial wave-function

<zl >=0 <0
= zexp (—ax) x>0 where a > 0.

[20 marks]
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Explain what determines whether the vibration of a diatomic molecule will be
infrared or Raman active.
[4 marks]

By considering the selection rules involved, deduce the form of the v =0to v =1
vibration-rotation bands observed in the infrared spectrum and the Raman spec-
trum of HCl. Assume that HCI behaves as a harmonic oscillator.

[18 marks]

If the line in the P branch of the IR spectrum of H33Cl corresponding to an excita-
tion to the v = 1, J = 0 state is observed at 2865 cm ™! and the line in the R branch
corresponding to the v = 1, J = 1 excited state is observed at 2906 cm ™! calculate
the bond length for H33Cl. Assume that atomic mass is equal to the atomic mass
number in atomic mass units.

You may assume that the rotational constant B for a diatomic molecule with mo-
ment of inertia I is given by the expression

h2
~ 82l

[8 marks]

In the LCAO approach the orbitals of the hydrogen molecular ion can be regarded
as being formed from a combination of two atomic 1s orbitals. Show how applica-
tion of the variation theorem to a trial LCAO wave function leads to two functions
corresponding to one bonding and one antibonding molecular orbital. Deduce ex-
pressions for these orbitals and also for the energies of the orbitals.

[22 marks|

If the ionisation energy for H is 13.6 eV, the adiabatic ionisation energy for Hs is
15.45 eV and the dissociation energy for Hy is 2.65 eV, find the dissociation energy
for Hs.

[8 marks]
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