King’s College London

UNIVERSITY OF LONDON

This paper is part of an examination of the College counting towards
the award of a degree. Examinations are governed by the College
Regulations under the authority of the Academic Board.

B.Sc. EXAMINATION

CP/3212 Statistical Mechanics
Summer 2001
Time allowed: THREE Hours

Candidates should answer SIX parts of SECTION A,
and TWO questions from SECTION B.

Separate answer books must be used for each Section of the paper.

The approximate mark for each part of a question is indicated in square
brackets.

You must not use your own calculator for this paper.
Where necessary, a College calculator will have been supplied.

TURN OVER WHEN INSTRUCTED
2001 ©King’s College London



1.1)

1.2)

1.3)
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Planck constant A = 6.63 x 10734 J s
Boltzmann constant & = 1.38 x 10723 JK~!
Mass of electron m, = 9.10 x 107 3'kg
Unified atomic mass it m, = 1.66 x 10~2"kg
leV = 1.60 x 10719J

SECTION A — Answer SIX parts of this section

A system can exist in a certain number of states, the set of which forms the state
space () of the system. For each state w belonging to €2 there is a probability
p(w) that the system is in state w. Define the entropy of the system in terms
of the set of probabilities p(w). If the system has N states, what assignment of
probabilities ensures that S has its maximum possible value, and what assign-
ment gives the minimum possible value?

[7 marks]

A molecule of rubber can be characterised by the end-to-end length ¢(w) of each
configuration w. The macroscopic observable of the system is the mean end-to-
end length L. The principle of maximum entropy assigns to each configuration
w, a probability

p(w) = exp[—v4(w)]/Z,

where 7 is the partition function, and v is an undetermined multiplier. Show
that the entropy S of the system is given by

S=klogZ + kyL andthat dS = kvydL.

[7 marks]

A system can exist in a number of energy states where A(w) is the energy of
state w. Using the principle of maximum entropy the probability assigned to
state w is

p(w) = exp(=pA(w))/Z

where 3 is an undetermined multiplier and Z is the partition function. Write
down an appropriate expression for the fundamental equation of thermodynam-
ics in this case, and thence relate the undetermined multiplier 5 to the temper-
ature T'.

[7 marks]
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1.4) A system consists of two atoms each of which can exist in a ground state with
energy zero and an excited state with energy e. The ground state is doubly degen-
erate and the excited state is singly degenerate. What is the partition function of
the system using (a) Bose-Einstein statistics, (b) Fermi-Dirac statistics, and (c)
Maxwell-Boltzmann statistics?

[7 marks]
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1.6)

1.7)

1.8)
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A gystem consists of a single particle which can exist in a number of states with
magnetic moment mo where ¢ is a continuous variable in the range —A <o <
A. Write down an expression for the partition function of the system, carefully

explaining any new terms that you introduce.
[7 marks]

For an ideal gas composed of N particles of mass m the activity, in the classical
limit, is related to the number density and temperature T' by

Z_E ormkT >/
SV hm? ‘

A white dwarf star is composed of *He at a density of 10°%gm~3 and a temper-
ature of 10°K and is completely ionised. Calculate the activity for the nuclear
gas and that for the electron gas and explain the difference.

[7 marks]

The partition function of an ideal gas of fermions is

== H (1 + ze_w‘(“’)) ,

w

where z is the activity, £ is an undetermined multiplier and A(w) is the energy
of state w. Sketch the graph of the number of particles per energy state, n(\),
of a degenerate Fermi gas as a function of the energy A. Describe qualitatively
how this explains the small contribution of the valence electrons to the heat
capacity of metals.

[7 marks]

The Van der Waals equation of state for an imperfect gas can be written in the

form
P p d

ﬁzl—cp_ﬁp’

where p is the number density and ¢ and d are constants. What is the physical
significance of the terms involving ¢ and d? Write down the virial expansion of
the pressure, and give a physical explanation of the temperature behaviour of
the second virial coefficient.

[7 marks]
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SECTION B — Answer TWO questions

2) A solid contains N lattice sites. Most of these sites are occupied by one chemical
species but a variable number n are occupied by a defect species. Each defect
species can exist in two electronic energy states with energies €; and e;. Show
that the partition function of the system is given by

N
Z =1+ z(e P + e F2)]

?

where 2 is the activity of the defect species and 8 = 1/kT.

[10 marks]
Calculate the mean number of defects N and show that
FE . Ae
— = ¢ -
N LT eBAe 117
where F is the mean energy and Ae = e5 — €.
[10 marks]

Show that the heat capacity Cy of the system can be written in the form

Cv _ (_B8c \* sa
Nk ePhe 1] )

[10 marks]
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3) The grand partition function = for an ideal Fermi gas can be written in the form

om\ /2 [
InE =27V (—2) / In(1 + ze ) t1/2dt,
ph 0

where V' is the volume, m is the mass of each particle, 8 = 1/kT and z is the
activity. Show that the entropy per particle of this system is given by

51, * ze 'dt
5 _ 3/72(2) —Inz, where Is(2) :/ e
0

Nk~ 3L2(2) e
[14 marks]
Given that, for a highly-degenerate Fermi gas, that is z > 1,
Ii(2) = 1 (1nz)(s+1) + $_7r2(1n z)(s—l) T O((lnz)(s—?’))
° s+ 1 6 )
show that ; ,
s
— ~ {1 —1.
N~z e
[9 marks]

For this system the Fermi energy, Ap is given by
n (3N \*/®
Ap=— | — .
P om (47TV>
Show that the entropy per particle is

S w2 T
—~ ——, T KT
Nk 2 Tg’ F’
where T is the Fermi temperature. Considering, as an example, the case of
electrons in metals, does this result make sense physically?
[7 marks]
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Graphite has a layered structure in which the coupling of the motion of the
atoms between layers is weak, especially at low temperatures. The thermal
behaviour of graphite can therefore be considered as due to the motion of the
atoms in a collection of layers within each of which the phonon spectrum is
equal to Avdr, where v is the frequency of a normal mode of oscillation and A
is a constant. Adapt Debye theory to show that the partition function of the
system is given by

In/Z = —A/ (ﬁhu/?—{—ln(l—e_ﬁh”)) vdv,
0

where 8 = 1/kT, and relate A to the constant vy,.
[15 marks]

Thence show that at low temperatures the heat capacity due to each layer is
proportional to N,T?, where N, is the number of atoms in each layer, and find
the constant of proportionality in terms of the Debye temperature ©p,.

[15 marks]

[You are given that

o 42
/ t7dt A 2.404. ]
0 1

et —

Deduce that the condition for equilibrium at constant temperature and pressure

Z AiVi =0 s
i
where A; is the symbol of species ¢ and v; is the stochiometric coefficient, is

vi
[[==1,
7

where z; is the activity of species 1.

of the reaction

[8 marks]

The electrons evaporated from a heated metal filament can be treated as a
perfect gas in equilibrium with the electrons in the metal. The electrons in
the gas are at a higher potential energy y with respect to those in the metal.
Assuming that the chemical potential of the electrons in the metal is equal to
the Fermi energy, Ar, show that the number N, of electrons in the gas is

21me \ ™ _gt-an)
Ng:2v<ﬂh2) e  P\XTAR)

where 8 = 1/kT.
[14 marks]

If the difference (x — Ap) ~ 4eV and the system is heated to a temperature of
2500 K, show that the pressure of the free electron gas is about 0.18 Pa.
[8 marks]
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