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Pauli matrices are given by

1.1)

1.2)

1.3)

SECTION A — Answer SIX parts of this section

The unnormalized energy eigenfunction of the first excited state of a particle
moving in a one-dimensional harmonic oscillator potential is

u(z) = ge 2T
where « is a constant. Normalize this eigenfunction and write down an integral
which gives the probability that the particle is in the interval |z|<1/a.

Note: - \
2n)!
/ xzne_a%ﬂdm:%, n=12,3,....
o 2°npl qen
[7 marks]
An operator A satisfying

[ vitiads = [paatpp e,

where 91 (r) and 15(r) are any well-behaved functions of 7 which vanish at oo,
is said to be hermitian. Prove that the operator —ihd/0x is hermitian. What
observable does the operator represent?

[7 marks]

At time + = 0, a quantum harmonic oscillator is in a state described by the
normalized wave function

P(x,0) = \/guo(x) + \/gm(x) + \/%u;),(x) ;

where wu, () is the nth normalized energy eigenfunction of the oscillator corre-
sponding to an eigenvalue E,, = (n+ %)hw, n=20,1,2,.... What are the possible
results of a measurement of the energy of this system and what are their relative
probabilities? Using these probabilities, show that the expectation value of the
energy of the oscillator at £ = 0 is %hw.

[7 marks]
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Define the parity operator P and prove that the eigenvalues of P are +1.
[7 marks]

The possible energies of a particle in a box with sides (3a, 3a,a) are given by
Enl,n2,n3 = <n12 + n22 + 9”32)67

where nq,no,n3 are positive integers and ¢ is a constant. What is the energy
of the ground state in terms of the energy e. Show that the energies of the two
lowest non-degenerate excited levels are 17¢ and 27¢. How many degenerate
levels lie between the ground state and the second non-degenerate excited state,
and what are their degeneracies?

[7 marks]

Write down Schrodinger’s equation of motion for a particle in a static potential
and confined to the z—axis. Show how the spatial (z) and temporal (¢) variables
can be separated and derive a particular solution for the time dependence.

[7 marks]

An electron is in the unnormalized spin state

()

Normalize 1) and find the expectation value of the spin component S, in this
state. What is the probability that a measurement of S, will correspond to the
electron being in the spin-up state?

[7 marks]

The spherical harmonics Yy ., are simultaneous eigenfunctions of L, and O with
eigenvalues ph and M2, respectively. What is the operator @7 Give the values
of p and X in terms of /£ and m. What are the allowed values of £ and m? Give
a simple physical argument that constrains the values of m for a given value of
L.

[7 marks]
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SECTION B — Answer TWO questions

A beam of neutral spin-% particles travelling in the y—direction passes through a
Stern-Gerlach apparatus. The spins in the two exit beams are in the eigenstates
of S,. All particles in the entry beam are in the eigenstate gy corresponding to
the eigenvalue —0—%/‘1 for the component of spin angular momentum in a direction
aligned at an angle # to the positive z—axis in the xz—plane. Calculate the
appropriate spin operator Sy

[8 marks]

and hence show that 0

(COS 5 )
g = . 9 .

sSin 3

[6 marks]
Prove that the relative intensities of the exit beams are (1 = sin6).

[16 marks]

A beam of particles of mass m and energy F is incident from z < 0 upon a
potential step at x = 0 of depth —V}. Let,

_ 2mkE 9 2m

k2 hg ’ K :?(E+%)7 w=

F
k b

and the incident particles be represented by the wavefunction e’**. Calculate
the reflection coefficient R and the transmission coefficient 7 as functions of u,
[16 marks]

and compare your answers with the classical results.

[4 marks]

Compare the particles’ momentum on either side of x = 0. Is the comparison
consistent, with the classical result?
[6 marks]

What happens to R and 7 in the limit of a low-energy (F < Vj) incident
beam?
[4 marks]
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4) Consider a particle confined by the infinite square-well potential

0, O<zx< L,
o0, elsewhere.

Viz) = {

The time-independent energy eigenfunctions are of the form

(vi)

u(z) = Asinkzx .

By considering the boundary conditions, find the allowed values of k;

[5 marks]
By applying the normalization condition, show that A = \/2/L;

[5 marks]
Show explicitly that different eigenfunctions are orthogonal;

[5 marks]

By substituting the eigenfunctions into Schrodinger’s equation, determine the
energy eigenvalues;
[5 marks]

Calculate the mean value of x for each eigenfunction;
[5 marks]

Suppose that, at a certain time, the particle is in the state

/1 /1 2rx /3 . 4nx
—qm——{— —qm— — 8ln .
L L

Determine the probability that, on measuring the particle’s energy, one ob-
tains a value corresponding to (a) the ground state, and (b) the first excited
state.

[5 marks]

Note. You will find the following integrals useful:

™
. . s
/ sinmx sinnz dr = §5m’n
0

2

T o T
rsin“mxdr = —
0 4

where m,n =1,2,3,... and 0, 5, is the Kronecker delta.
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5) In spherical polar coordinates (r,0,¢), the components of the orbital angular
momentum operator are given by

L, = ih(sin ¢% -+ cot 8 cos qbaz) ,

¢
, 0 ., 0
L, = ih(—cos qbﬁ -+ cot @sin ¢8—¢),
.0
Lz = —Zh% .

Using this representation, prove the commutation relation

Ly, L) = ihLy.

[10 marks]

Prove the corresponding relation between the components of the spin angular
momenturm.
[8 marks]

State the commutation relation for the corresponding linear momentum opera-
tors.

[2 marks]

Which of the above pairs of operators are described as compatible and which as
incompatible? What are the physical implications of these terms?
[5 marks]

Indicate why a representation in terms of differential operators does not exist
for spin angular momentum.
[5 marks]
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