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CP /2201

Values of physical constants

mass of neutron M = 1.675 x 10727 kg
Planck constant h = 6.626 x 10734 Js
electron volt 1eV = 1.602 x 10°19J

Pauli matrices are given by

1.1)

1.2)

1.3)

1 0 1 1 0 —:2 1 1 0
SECTION A — Answer SIX parts of this section

A particle bound in one dimension is confined to the interval |z|<L and is
described by the wave function

u(z) = Ae” 2k gin e

2L
Determine the normalization constant A.
Note: cos20 =1 —2sin%6.
[7 marks]
Show that
2
u(z) = e~z
is an eigenfunction of the operator
_ P e
dx?
and find the corresponding eigenvalue.
[7 marks]

Consider the equation

72

——V*u+Vu=FEu.

2m
What is this equation called and what do the symbols represent? Explain (with-
out proof) how solutions of this equation may be used to construct stationary
state solutions of the Schrodinger wave equation.

[7 marks]
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1.5)

1.6)

1.7)

1.8)
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A quantum harmonic oscillator is in a state described by the normalized wave
function

u(z) = \/guo(x) n ?ug(;p) n ;u;)(:z:) ,

where u,(z) is the nth normalized energy eigenfunction of the oscillator cor-
responding to an eigenvalue E,, = (n + %)hwc, n =0,1,2,.... What are the
possible results of a measurement of the energy of this system and what are
their relative probabilities? Using these probabilities, show that the expecta-
tion value of the energy of the oscillator is %hwc.

[7 marks]

The possible energies of a particle in a box with sides (L, L,2L) are given by
By myms = (An1% +4ng? + n3?)e,

where n1,n9,n3 are positive integers and ¢ is a constant. What is the energy
of the ground state in terms of the energy ¢? Find the energy and degeneracy
of the lowest degenerate level. How many non-degenerate levels lie between the

ground state and the lowest degenerate level, and what are their energies?
[7 marks]

Define a hermitian operator and prove that all its eigenvalues are real.
[7 marks]

An electron is in the un-normalized spin state

o= (2);

Normalize 1 and find the expectation value in this state of the spin component
S,. What is the probability that a measurement of S, gives the value —%h?
[7 marks]

The generalised uncertainty principle for two observables represented by the
operators A and B is

1
Aalp >3 |<[AB]>],

where A x is the uncertainty associated with the observable X. Use this result to
derive the Heisenberg uncertainty relation between position and momentum.
[7 marks]
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SECTION B — Answer TWO questions

2) Derive the expression

1 .
Se = n (COS@ sinf )

2 sinff —cosf

for the operator representing the component of spin angular momentum in the
direction aligned at an angle # to the positive z-axis in the zz-plane.

[8 marks]
Show that Sy has eigenvalues i%h,
[6 marks]
with the normalized eigenvector
6
e ()
Sln§
corresponding to +%h.
[6 marks]

A beam of neutral spin-% particles travelling in the y-direction passes through a
Stern-Gerlach apparatus. The spins in the two exit beams are in the eigenstates
of S, and all particles in the entry beam are in the eigenstate agy. Calculate the

relative intensities of the exit beams.
[10 marks]

4 SEE NEXT PAGE



CP /2201

3) A particle of mass m moves in one dimension in a potential V(z) = fmw.?z?.

Show that w, is the classical angular frequency of vibration.
[4 marks]

In the ground state, the energy eigenvalue is %hwc and the normalised energy

eigenfunction is
2

uo(z) = (a)m) /4™ 70%
where o = mw,./h. Calculate the expectation values of

(i) the position z, (ii) 2, (iii) the linear momentum p,, and (iv) p;2,
for a particle known to be in the lowest energy state immediately prior to these
measurements being made.

[16 marks]

Hence, show explicitly that the expectation value of the total energy is equal to

the ground state energy eigenvalue.
[5 marks]

Show that the product of the root-mean-square deviations of 2 and p, has the
minimum value allowed by Heisenberg’s uncertainty principle.
[5 marks]

Note. You will find the following integral useful,

/OO 2¥e” " dx = { (/)2 n=20

1x3x5...(2n—1)m'/? _
2"()((2n+1)/2 3 n — 1,2, 3,...

— 0

where the constant o > 0.
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4) A neutron of mass m, and energy F is bound (F < 0) in a one-dimensional
square-well potential

_ _V07 |-’17|<CL,
V(x)_{(), |z |>a.

Show that, in the inner region, the Schrodinger equation has oscillatory-type
solutions and, in the outer regions, exponential-type solutions.
[8 marks]

Describe qualitatively how the unknown constants of integration are determined
from the boundary conditions.
[5 marks]

Explain classically why the particle is forbidden in the outer regions.
[2 marks]

Assume that the bound-state solutions fall into two sets depending on whether
they have even or odd parity. The allowed energy eigenvalues are known to be
given by the equations

p* | = —coté, odd parity
~ ]| tan€, even parity

52

where

Show that there is always at least one bound state of even parity.
[5 marks]

If @ = 5 x 107 nm, find the minimum well-depth in MeV that would allow the
neutron to have at least one bound state of odd parity.

[10 marks]
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5) It can be proved that the commutator of L, and L, is equal to ¢hL,, and that
the coordinate variables may be interchanged cyclically. Hence, write down the
set of commutation relations between pairs of angular momentum components.

[3 marks]

Compare your results with the corresponding relations between components of
the linear momentum.
[3 marks]

What are the physical implications of the above relations?
[4 marks]

Show explicitly that
Y2,1(0, gb) = N271 cos # sin 96+i¢

is an eigenfunction of the operator L, and hence determine the corresponding
eigenvalue.
[6 marks]

The spherical harmonics Yy, (0, ¢) are simultaneous eigenfunctions of L, and
L?. Write down the corresponding pair of eigenvalue equations, expressing the
eigenvalues in terms of £ and m.

[4 marks]

What are the allowed values of ¢ and m?
[2 marks]

Give a simple geometric argument that constrains the values of m for a given
value of /.
[4 marks|For a particle in the state Y2 1(0, ¢), calculate the angle that the L
vector makes with the z-axis.
[4 marks]
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