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SECTION A — Answer SIX parts of this section

Show by substitution that © = Acos(wt + «y) is a solution to the harmonic
oscillator equation

d*x 9

— +w'z =0,

dt?
and find A and ~ if at £ = 0 the oscillator is stationary at z = A,.

[7 marks]

The temperature T of a body increases at a rate dT'/dt = k(T, — T') where T, is
the constant temperature of the surroundings. Show that T =T, — C exp(—kt)
where C'is a constant.

[7 marks]
Given that
1
x=| —1
0
is an eigenvector of the matrix
01 1
A=[1 0 1]},
1 1 0
what is the corresponding eigenvalue?
[7 marks]
Show that the simultaneous equations
a1z + by = ¢
a2% + boy = o
are satisfied by £ = Ay /A where A; and A are the determinants
_la by _ | a1 by
Al_ Co bg’ A= a9 bgh
[7 marks]

Is the vector field E = zyi + yzj + zxk irrotational or solenoidal or neither?
[7 marks]

Given the scalar field ¢ = —1/r% where r = (2 + 132+ 22)'/2, calculate grad ¢.
[7 marks]

2 SEE NEXT PAGE



CP/1210

1.7) Given the vector field E = zi+2yj+zk calculate the line integral [, o BE.dr where
C is the arc of the circle 22 + 42 = 1 in the plane z = 2, from the point (1,0,2)

to (0,1,2).
[7 marks]

1.8) The Fourier series representation of the function

1 ifo<z<1,
f(x)_{o if1<z<2,

is

F(f(x)) =

2 sinnwx
+= 0> :
T n
n=1,3,5,...

(NN

What is the expected value of F' at x = 1, and does this agree with the value
given by the series? Find the sum of the series

[7 marks]
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SECTION B — Answer TWO questions

2) An isotope of thorium decays to radium which in turn decays to radon. If at
time ¢ = 0 a sample contains Ny of the unstable thorium nuclei, show that the
number n of radium nuclei obeys

d
—n + )\2’/1 = )\1N() exp(—)\lt)

dt
where A1, Ao are respectively the decay rates of thorium and radium.
[7 marks]
Hence show that if Ay 2 Ay andn=0at ¢t =20
_ A1 Ng -1t —Aat
n = SV (e e ) ,
[13 marks]
and show that the maximum number of radium nuclei occurs at
1 Ao
ty = In{~=1].
N A </\1>
[10 marks]

[You may assume that the solution to dy/dx + Py = Q) where P and Q) are
functions of x is

y=e 1 / Qeldr + ce™!

where ¢ is a constant and I = [ Pdz.]

4 SEE NEXT PAGE



CP/1210
3) The position = of a particle varies with time ¢ according to

d*x dx
— 2%k +wir =0
dt? - dt T

where w and k& are constants.
Show that a solution for z is

z=e Ft (Aewt + Be"ﬂt)

where A and B are constants and 82 = w? — k2.
[10 marks]

Show that if £ = 0 at ¢ = 0 then

r = 2iAe”*t sin(Bt).

[10 marks]

Assuming k? << w?, what is the ratio of the amplitudes of successive oscillations
with z > 07
[10 marks]
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4) Calculate divA and curl A when A = 2zi+ zj + zk.
[5 marks]

The transformation from Cartesian coordinates (x,y, z) to spherical polar coor-
dinates (r, 0, ¢) is given by

r=rsinfcos¢, y=rsinfsing, z=rcosf.

Show that the Jacobian of the transformation is 72 sin 6.
[6 marks]

Stokes’ theorem states that

/curlA.dS:/ A.dr
s C

where A is a vector field and C' is the boundary of a regular open surface S.
Verify Stokes’ theorem directly for the given vector field A when S is the surface
of the upper half of the sphere of radius » = R and C' is the circle in the (z, y)-
plane of radius R.

[13 marks]

Use Gauss’ theorem to show that

A.dS =27R3,
SI

where S’ is the closed surface given by S (above) and the (z,y)-plane.
[6 marks]
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5) The Fourier cosine series of an even function f(x) in the range —T/2 < x < T/2

has the form ) )
nwT
FU@) = oo+ 3 anco ( " )

where

o [HT/2
ap, = / f(z)cos(2nmx/T)dzx,
T J_7/9

forn=20,1,2....
Show that the Fourier series for the function

fl@)=|z|, —T/2 <z <T/2

F(f(x)) = i’; n j; S ((_13;_1) cos(2nmz/T) .

[16 marks]

Sketch the Fourier series representation of f(z) in the interval —%T <z < %T.
Add to your sketch the function obtained by including only the first two terms
of the Fourier series.

[7 marks]
By considering the value of the Fourier series at © = T'/2, show that
LS S w2
ZtEt =g
[7 marks]
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