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SECTION A — Answer SIX parts of this section

1.1) A general curvilinear orthogonal coordinate system (q1,¢g2,¢s3) is given by the

1.2)

1.3)

1.4)

transformation functions:
xr = 33((]1, q2, QS)7 Yy = y(qb q2, q3)7 z = Z(qb q2, q3)

Show that the unit base vectors e, ez, es and the scale factors hy, hy, h3 in
this system are given, respectively, by the following relations:

o L (Ot , _|Or
Y hi \9qi ) " |0

[7 marks|

Consider the spherical polar coordinates (r, 0, ¢),
xr=rsinfcos¢p, y=rsinfsing, z=rcosb,

where r > 0,0 <0 <7 and 0 < ¢ < 27. Determine the scale factors h,, hg, he
for this system and the unit base vectors e,., eg, ey.

[7 marks]
Evaluate the integral
/ 5 (% - 1) f(z)de
where f(x) is any continuous function.
[7 marks|

Give a formal definition of the integral Fourier transform, F(v) = F[f(t)],
and its inverse, f(t) = F~1[F(v)], for a function f(t) defined in the interval
—00 < t < 0o. Hence derive the following integral representation for the delta

i(t) = / 2ty

—0

function:

[7 marks]
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1.5) Show that the Fourier transform of the function f(t) = e~°l*l is

2a

Flft)] = o2 + (270)2

Hint: when calculating the transform, split the integral over t into two: one
with t<0 and another with ¢t>0.

[7 marks|
1.6) Specify and classify the singular points of the differential equation
@ -1)a-D )Y a1y —o0
dx? dx v=
[7 marks]

1.7) Verify that the function
y(z,t) = y1(x + ct) + ya(x — ct)

with arbitrary functions y; () and ys(z) is a solution of the wave equation

Oy _ 1%
ox? 2 ot?
[7 marks|
1.8) Use the generating function
1
G(z,t) =

V1 —2xt +t2

for the Legendre polynomials P, (z) to derive explicit expressions for the poly-
nomials with n =0, 1.

[7 marks]
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SECTION B — Answer TWO questions

2) The parabolic coordinates (u,v,0) are specified by the following transformation
equations:

r=wuvcos, y=wuvsinf, z = (u2—vz),

N[ =

where © > 0, v >0and 0 <0 < 27 .

a) Show that the scale factors hy, h,, hy have the form:

hy = hy = VU2 +0v2, hg = uv

[9 marks|
b) Show that the unit base vectors e,, e,, eg can be expressed via the Cartesian

vectors i, j, k as follows:

e Y ( 0i + sin 0j - “k)
= ———— | COS V1 S1n —
Y Va2 I

U
Vu? + v?

eg = — sin 0i + cos 0j

e, =

(cos 0i+ sinfj — %k)

[9 marks]

c¢) Show that the parabolic coordinate system is orthogonal.
[4 marks]

d) Given that the Laplacian operator V2 of a scalar field ¥(z,y, 2) in the general
othogonal curvilinear coordinates (q1, ¢z, q3) is

Voo L[ (M0, 0 (ladty 0 (b))
hihahs [Og1 \ h1 Oq dg2 \ h2 Ogo gz \ hs Og3
show that the Laplace equation V2W(x,y,2z) = 0 can be rewritten in the
parabolic coordinates in the following form:

R AN AN L
u? + v2 v@u u@u u(% U(% wv 002

[8 marks]
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Let F(v) = F[f(t)] be the Fourier transform of a function f(¢). You may
assume that f(t), its first and second order derivatives tend to zero at +oo.

Prove the following identity which is sometimes called the modulation theorem:

F1f(#) cos (2mwot)] = 5 [F(v + v0) + F(v — wo)].

[6 marks|
Express the Fourier transforms of f/(t) = % and f"'(t) = ‘31275 in terms of F'(v).
Hint: when calculating the Fourier transforms, use integration by parts.

[10 marks]
The n-th moment of a function f(t) is given by the expression:
Hn = / ¢ f(t)dt
By considering derivatives of the Fourier transform F(v), show that
_ FM(0)
fn = (Z2mi)n

where F'(™)(0) is the n-th derivative of F(v) calculated at v = 0.

[8 marks|
Calculate the Fourier transform of the function f(¢) which is equal to unity if
0 <t <1 and zero otherwise.

[6 marks]
Consider the Bessel differential equation

932@ +x@ + (2 =p*)y=0
dx? dx

Classify the singular points of this equation.

[4 marks]

Assuming that the parameter p in the Bessel equation is either noninteger or a
negative number, use the Frobenius method to derive three first terms of two
independent series solutions of the equation, y;(x) and yo(x).

[24 marks]

Hence, state the general solution of the equation.
[2 marks|
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Consider the wave equation
oy _ 1%
ox? 2 Ot?
for a string of length L fixed at both ends.

Use the Fourier method of separation of variables to obtain two ordinary differ-

ential equations: one involving ¢ and another x.
[6 marks|

Given that the separation constant k = —p2, where p,, = Tnandn=1,23, ..,
check that the appropriate solution of the equation involving x which is consis-
tent with the boundary conditions is v, (x) = sin (p,x).

[4 marks]

Check that
Xn(t) = A, sin (eppt) + By, cos (eppt)

is a solution of the equation involving ¢, where A,, and B,, are arbitrary con-

stants.
[3 marks|
Now assume that initially (i.e. at ¢ = 0) the string is pulled by 0.06 units at
x = L/5 and then released, i.e. the initial conditions are:
x
0) =0.3—
/y(ajﬂ ) L

for 0 <2z < L/5 and
(x 0)——0075(1 a:>
y ) M [

for L/5 < 2 < L and also (%) = 0. Given that the general solution of the
t=0

wave equation is

y(et) = 3 tul@)xalt),

determine the corresponding partial solution of the wave equation.
Hint: the integral [ zsin (p,z)dz is calculated by parts.
[17 marks]

You may assume that functions 1, (x) satisfy the orthogonality relation:

L

L
/ U () (2)dx = §6nn/
0
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