Vibrations & Waves Homework Sheet 2

ANSWERS
(QUESTIONS given out: Monday 24 January 2005)

1) )(Uz(A+BUemx—é%0

” . S
Critically damped: — _— \/: = o,
2Zm \m

Therefore can write: x(t) = (A+ Bt)exp(a,t)

Also:

A | olx(t)+sx(t)=O
dt’

_ d x(t) r dx(t) X()=0
dt m dt m

—s dx(t dx(t
= dtz( )+2w0—di )+a)§X(t)=O

Take final x(t) part of above equation:
oy [x(1)]= @ [(A+ Bt)exp-ayt)]
= (w; A+ @} Bt)exp(-a,t)

Take middle first derivative part of above equation:

20 Ld)éit)J 20 [(—a)OA @, Bt+ B) exp(—a)ot)]

= (20 A- 20} Bt + 2m,B)exp(-a,t)

Take initial second derivative part of above equation:

[d ;’;SUJ = [(@5 A+ @, Bt — 0, B— @, B) exp(-a,t) ]




1) continued)

2
Ld d);gt)J-l_ 2a)o[¥}+ o [X(1)]
= (W} A+ @Bt — 0,B— wyB) exp(-a,t)
+(—2w§A— 20)5 Bt + 2a0,B) exp(—m,t)
+HwiA+ ;Bt)exp(-w,t)
= (0, A-20; A+ 05 A)exp(—at)
+(~@,B — @B + 20,B) eXp(-,t)
+H !Bt - 202Bt + 0 Bt) exp(-w,t)
=0

All the terms with A, B and Bt cancel
=> solution is valid

a)i) X(t) = Aexp(—ﬁt) cos(o't+ @)

v(t)= A{—ﬁ exp(—ﬁt)cos(a)'pr P - exp(—ﬁt)sin(a)’t 4 ¢)J

il) Evaluate at t=0 :
X(t=0)= Acos(¢)

V(t=0)= A{—ﬁ cos(¢) — a)’sin(¢)J

) Att=0,x=0and v = v,
X(t=0)=Acos(¢)=0

V(t=0)= A[-a@'sin(72)] = A[-o]=V,
Therefore: ¢ = /2 and A = -vy/o’

=>X(t) =L exp(-—— t)sin(a't
() ="exp(- - tsin(oly

Note: you could solve this like part (c) below for heavily damped using
the initial exponential complex form for lightly damped & taking the
real part at the end



) x(t)= (A+ Bt)expc——t

X(t)=(A+Bt)exp-- 1)

r r r r r

=——Aexp(-—1)+B -——1t)-—2B ——
v(t) om exp( 2rnt)+ exp( 2mt) om texp( 2mt)
=> r r r

t)=| B——A—-——DBt ——t

V) { 2m 2m Jexp( Zm)
i) Evaluate at t=0 :
X(t=0)=A
v(t=0)={B—LAJ

2m

) Att=0,x=0and v =,
X(t=0)=A=0
v(t=0)=B=y,

Therefore:

"
X(t) =v,t exp(—% t)

0)i)
X(t) = exp(=pt)[C, exp(qt)+ C, exp(—qt)]
=[C,exp((-=p+q)t)+C,exp((p—a)t)]

v(t)=[C,(—p+a)exp(p+a)t)+C,(—p—a)exp((-p—a)t)]

=exp(—pt)[C,(-p+q)exp(qt)+ C,(—p—0q)exp(—qt)]
i) Evaluate at t=0 :

x(t=0)=C,+C,

V(t=0)=C,(-p+q)+C,(~p-0q)

) Att=0,x=0and v = v,

x(t=0)=C,+C,=0 =>C,=-C,
V(t=0)=C,(-p+q)-C,(-p—-0)=2q9C, =V,

=> C,=Vv,/2q

X(0) = 2 expPOLeXP(@) - exp(-t)]



3)

d2x(t dx
iy LAp ( ) _ n di )_ 2 Apgx(t)
d2x dx

i)  Rearrange: LA'OF + 87[77La + 2Apgx =0
Substitute three variables:

m=LAp

r =8znL

s=2Apg

Cdx) dxit)

" +sx(t)=0

Trial solution: X(t) = Cexp(at)
Put into above Eqtn: Cexp(at) [mg2 +ra+ s]= 0

=> ma’+ra+s=0
Two roots:

Let: a=—pP=x(q

: . (rz _3]
P=on 4am?> m

General solution
X(t) =C,exp((-=p+q)t) + C,exp((-p—q)t)

ii)a) Lightly damped:

-]
q=1]9"=] nam?

General solution:

X(t) =C,exp((-=p+ jg')t) + C,exp((=p— Ja)t)
Let:

C, - %exp(j@ C. =2 exp(-ig)




X(t) = %exp(— pt)[exp(j(q't+ ¢)) +exp(=j(a't + ¢))]
Real part:  X(t) = Bexp(—pt)cos(q't + ¢)

For U tube oscillator:

X(t) = Bexp(—mt)cos(w’t + @)
Ap
where:

o)

b) Critically damped:

I S

am? m
Term in bracket in q zero:
= a=-ptgq=-p
=>  X(t) =(C, + C,)exp(-pt)
But must have two roots =>
X(t) = (C + Bt)exp(—pt)

For U tube oscillator:

X(t) = (C + Bt)exp(—4A—7Z7t)

¢) Heavily damped:
X(t) = exp(=pt)[C, exp(at) + C,exp(-qt) ]

For U tube oscillator:
4
(1) = exp(—0[C, exp(@h) + C;expi-g0)]

where:

R EEREE




iv) TE = Apgh?
For starting conditions x(t=0) = h, v(t=0) =0
Lightly damped U tube oscillator

== X(t)=nh exp(—mt) cos(a't)
Ap

Amplitude of lightly damped SHM decays as:
h(t) = h(t =0) exp(— t)
Therefore TE decays as:
2 27
TE(t) = Apghexp(——t)
Ap

Rate of change of energy with time:

ATEQW) __ 271 p sghe exp(-—" 2y 0= 2T ()
dt Ap Ap
Quiality factor:
TE(t) Ap
— 2 — 4
Q ﬂ_(dTE(t) 27:} 27m
dt o'
V)
(4%77]2 29
- < —_
Light Ap L
» (4@)2 _ 29
Critical: Ap L
(47mj2 29
Heavy: Ap L
2 2x10
For both water and oil: Lg =1 - 20

2
Amn 47107
For water: (Apj [10‘4x Osj =0.0158



2 2
4rn ( A x0.2 j
O i/ g = 780
For oil: ( Ap] 107 x 0.9 x 10°

Water lightly damped, oil heavily damped

2
For water: @' = \/{2—3—(%) ] = /(20-0.0158) = 4.47rad /s

4 3
_Ap w,_lO x 10

_ _ 4.47=71
? 27n 27 %107
Vi)
x(t) =222 sin(wt— §)
YA

m

Z = \/ [(8771L)* + (wLAp— 2A0g/ @)’ ]

PA P,A
WZ, a)\/ [(877L)? + (wLAp— 2A0g/w)?]

= =)

For water: @, =4/(20—2(0.0158)) = 4.47rad /s

Ap , A @
(x) Q= > @~ oLy =—"

2rn 27n @, — o,
Bandwidth:

w,—a, =2anl Ap
Range of frequencies:

w,=w,+ 7! Ap =20+ 710°/0.1= 4.504
w, =, — 7l Ap=+/20 - 710°/0.1=4.441



(1) m— + rd—)f+ sx=F,exp(jot)

(ii)

—= =@ Aexp(jot) =—0°X

Therefore: (—oozm +rjo+ S)A exp(jot)=F,exp(jot)
FO
(—m2m+ rjo + s)
I:o — _j I:o
(D((S/(D —om)+ jr) co(r+ j(om - s/m))

:>A=

A=

Zn=Z,,exp(id) = [ + (@m—5/m)* Jexp(i0)

__ -iR iR exp(=id)
— oZ, exp(jo) oZ

m

where: Z, = J[l’2 + ((Dm—s/co)z]
—jF, exp(i(wt—¢))
oZ,
;J—ZFO (cos((wt— ¢))+ jsin((wt— $)))

l:O
oz,

(iii)  x=

<
I

X<
I

(“icos((wt— ¢)) + sin((ot - ¢)))

R
Real part: X = —2—sin(wt — ¢)
oZ

m



(iv)  Maximum displacement
I:O
al
=>when @Z, a minimum

(o\/ [r2 +(@m— s/oa)z]

=\/a)2 [r2+m2m2+52/m2—25m]

=> when maximum

=\/[oo“m2 +oiri- 25m®2+52]
Find when term in braket minimum
d
= — [m“m2 +or’ -2smo’ +sz]
do

= [4(,33m2 +20r?- 4smm]
-0

[4co3m2 + 201 —4smoa]= 0

4o°’m? = 4sm - 2r°
2

2_S 1
m 2m
O =q0 - r—2
r 0 2m
(v)
0.006
0.005
< 0.004
E /
(O]
& 0.003
=3
%))
A 0.002 /
0.001 A-é r
F /s ?‘
0
0
0.1 1 10
o (rad/s)

Want large r / small Q => smooth response over broad range of angular
frequencies. Also no sharp resonant peak => big waves can’t damage
machine.

Want mo =~ average angular frequency of waves => maximum power
absorption.



(vi)  Displacement below resonance: Fo/s = 0.5m =>s=2000 N/m

Resonant frequency wanted = 1 Hz.= 1 rad/s = o.
Mass = 1000 kg.

2
2 r

B NPT
2
2 2 __F 2,1S 2 2
0 r 2m2 J ((m) r)
= 2000
2(1000)%((5—=)% -1°
J201000( 0y - 1)
= 2449 Ns/m
Maximum displacement: X, = I; = J[z o 7 2]
OLn  @y|r’ +(om-Yo)
x__(lrad/s) = 1000

1,/[(2449)° + (1000 - 2000)*]
=0.378 m



