Monday 21st February 2005

Answer to Quantum Physics Classwork 1
Why Represent Wave with Complex Numbers?
Real Version

1. Y(x,t) = ajcos(ke —wt+ ¢1) + ag cos(kxr — wt + ¢o)
= a [cos(kx — wt) cos ¢ — sin(kx — wt) sin ¢4 ]

+ as [cos(kx — wt) cos o — sin(kx — wt) sin @)

= (a1 cos ¢y + ay cos ¢g) cos(kx — wt)
— (ay sin ¢y + ag sin ¢9) sin(kx — wt)

= ccos(kxr — wt) — dsin(kx — wt) ,

where
€ = a1 COS ¢1 + as COS o and d = aq sin ¢1 + a9 sin ¢9
as required.

2. From the right-angle triangle

C

we see that ¢ = acos ¢ and d = asin ¢, where
a=vVc2+d?> and ¢ =tan '(d/c).

Hence
Y(x,t) = ccos(kx —wt) — dsin(kr — wt)

= alcos ¢ cos(kx — wt) — sin ¢ sin(kzr — wt)]|

as required.



3.

Using the identity cos 6; cosfy — sin 6y sin 6y = cos(0; + 65), the above
expression for ¢ becomes

Y(x,t) = acos(kx — wt + @) .

From the triangle that defines a we have a? = ¢? + d%. Combining this
with the expressions for ¢ and d in terms of ay, as, ¢1 and ¢, gives

a® = (aycos @y + aycos gy)? + (aysin ¢y + ag sin ¢y)?

= a3(cos® ¢y + sin® ¢1) + a3(cos® ¢y + sin? @)
+ 2a1a9(cos @1 cos ¢ + sin ¢y sin @)
= a2+ a3+ 2a,a3 cos(pr — o),

where the last step used the result cos(¢1 — ¢2) = cos ¢y cos Py +
sin ¢ sin ¢ given in the classwork. Hence

a4 — \/a% + a3 + 2a1as cos(¢p1 — @) |

as required.

The triangle also shows that tan¢ = d/c. Combining this with the
expressions for ¢ and d in terms of ay, as, ¢; and ¢y gives

6 — tan! <a1 sin ¢1 + as sin ¢ )

a1 COS @1 + Qs COS o

as required.

Complex Version

4.

'QZ)(I’, t) = alei(kw—wt+¢1) + azei(kx_wt+¢2)
_ alei¢1 ei(kmfwt) + as ei(bg ei(kmfwt)

— (alei(bl _'_ a/2€i¢)2 )ei(kxfwt)
Aei(kx—wt)

where A = a1 4 a2e'? as required.



5. Since a = vV A*A, we have
a® = (a7 + aze ) (16" + aze™®?)
= a% + ag + ajas (ei(¢>r¢>2) + e*i(¢1*¢2))
= a4+ a3+ 2a1ay cos(py — @) ,

where the last step used the result cosf = %(ew + e~ given in the
classwork.

Since ¢ = tan~'(Re(A)/Im(A)), we have

5 o] Re(a e + aqe'??)
= tan : ‘
Im(a et 4 age’®?)
R <a1 sin @1 + as sin ¢y )

a1 COS @1 + Qs Sin ¢

where the last step used the result ¢ = cosf + isinf given in the
classwork.

6. P(x,t) = Re(Ae'tr=)
— Re (a6i¢6i(km—wt))
— Re (aei(kx—wt+¢))

= acos(kr — wt+ @) ,

where the last step used the result e = cosf + isin® given in the
classwork.



