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1. (i) Find the limit:

lim
x→∞

x2
[
(1 + x4)1/2 − x2

]
,

(ii) Using L’Hôpital’s theorem, or otherwise, show that

lim
x→1

xn +mx− (m+ 1)
xm + nx− (n+ 1)

=






1 , m+ n 6= 0 ,

n− 1
n+ 1

, m+ n = 0 .

What happens in the case n = −m = − 1 ?

(iii) Differentiate, from first principles, the function

y = tanx .

2. (i) Using integration by parts, or otherwise, evaluate the indefinite integral

∫
x sin−1 x2dx .

(ii) Consider a semi-circular disc of radius a centred at the origin and occupying
the region y > 0. Now cut away the two strips with |x | > a/2 to leave the
region below

Find the area A and the position of the centre of mass (x, y).

PLEASE TURN OVER
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3. Find the four stationary points of the function

u(x, y) = xy(x+ y − 2)

and identify their nature.

Draw a sketch in the x− y plane showing these points and the lines on which u = 0.
Indicate the regions in which u is positive and in which u is negative.

4. (i) Point A has coordinates (3, −1, 0), Point B has coordinates (−1, 5, 2). Find
the unit vectors in the following directions:

(a) from the origin to A ;

(b) from B to the origin ;

(c) from A to B .

(ii) Write down the vector equation of the straight line which passes through A and
B. Hence find the Cartesian equations of this line.

5. (i) For z = 2i calculate the real and imaginary parts of the three values of z1/3.

(ii) Sketch the locations of the three values of z1/3 in the complex plane.

(iii) For z = 2i calculate the real and imaginary parts of one value of ln z.
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6. (i) Find the eigenvalues λ1 and λ2, and normalized eigenvectors ŝ1 and ŝ2, of the
matrix

A =

(
2 −2
−2 −1

)

.

(ii) Write down the matrix B which has the normalized eigenvectors of matrix A
as its columns, i.e.,

B =

(
ŝ1x ŝ2x
ŝ1y ŝ2y

)

.

A matrix formed from the normalized eigenvectors of a real symmetric matrix,
such as A, has the property that its inverse is equal to its transpose. Check
that B−1 = BT .

(iii) Show by multiplying out the matrices that

B−1AB = C ,

where

C =

(
λ1 0
0 λ2

)

.

7. State the divergence theorem, identifying the quantities that are being integrated
and the regions over which the integrations are carried out.

Consider the vector field

V =
xi+ yj+ zk
√
x2 + y2 + z2

.

Find the outward flux across the boundary of the region

1 ≤ x2 + y2 + z2 ≤ 4

both by using the divergence theorem and by directly calculating the flux across the
boundary and thereby verify the divergence theorem.

PLEASE TURN OVER
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8. Consider the vector field
V = −yi+ xj+ x2k ,

and a cylindrical surface whose base is a circle of radius R centered at the origin in

the x-y plane and which has a height h, i.e. its top surface lies on the plane
z = h.

(i) Evaluate ∮
V ∙ dr

counter-clockwise (looking from the positive z-direction) around the circle

x2 + y2 = R2 in the x-y plane.

(ii) Evaluate ∫ ∫
(∇× V ) ∙ dS

over the surface (top and sides) of the cylinder.

(iii) Evaluate ∫ ∫
∇× V ) ∙ dS

over the circular region in the x-y plane bounded by x2 + y2 = a2.

The unit normal to the region points in the positive z direction.

(iv) What do your results in (i), (ii) and (iii) say about (a) Stokes’ theorem, and

(b) the significance of surfaces in (ii) and (iii).

PLEASE TURN OVER
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9. Consider the differential equation for a forced undamped harmonic oscillator:

d2x

dt2
+ ω20x = F0 cosωt , (1)

where x(t) is the displacement of the oscillator at time t, ω0 is the natural frequency
of the oscillator, and the forcing is carried out with amplitude F0 and frequency ω.

(i) Show that the general solution of the corresponding homogeneous equation is

x(t) = A cos(ω0t) + B sin(ω0t) .

where A and B are constants to be determined.

(ii) Find a particular solution of (1) and, hence, show that, provided ω2 6= ω20, its
general solution can be written as

x(t) = A cos(ω0t) + B sin(ω0t) +
F0

ω20 − ω
2
cos(ωt) .

(iii) Obtain the solution with the initial conditions x(0) = 0 and x′(0) = 0, i.e. the
oscillator is initially at rest, and show that it can be expressed in the form

x(t) =
2F0
ω20 − ω

2
sin

[
1

2
(ω0 − ω)t

]

sin

[
1

2
(ω0 + ω)t

]

.

(iv) Consider the solution in (iii) as ω → ω0. By using L’Hôpital’s rule, or
otherwise, show that the solution in this limit becomes

x(t) =
F0t

2ω0
sin(ω0t) .

What is the behaviour of this solution as t→∞ ?
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10. Consider the equations of motion for u = (ux, uy, uz) given by

dux

dt
= uy ,

duy

dt
= − ux ,

duz

dt
= 0 .

(i) Show that these equations imply that both ux and uy satisfy the following
equation:

d2u

dt2
+ u = 0 ,

where u = ux or u = uy. Find the general solution of this equation.

(ii) Use the original equations for ux and uy to obtain the solutions in terms of
the initial values ux(0) and uy(0). Hence, show that the solution for u can be
written as

ux(t) = ux(0) cos t+ uy(0) sin t ,
uy(t) = uy(0) cos t− ux(0) sin t ,
uz(t) = uz(0) .

(iii) if u is the velocity of a particle, what is the trajectory in the case where

(a) uz(0) = 0 and (b) uz(0) 6= 0?

END OF PAPER
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