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1. (i) Find the limits:

1\ /2
(a) xll}rgo 333/2[ (1 Lo+ E) _ (1 + 33)1/2] :
(b) i SR+ = 2)
z—2 x — 2 ’
(ii) Sketch the graph
_ 2+ — 6
Y= 2 iz 20

determining any zeros, discontinuities, maxima and minima and the limiting
behaviour as z — Fo00.

(iii) Differentiate from first principles

Yy = vV1+e*.

You may find it useful to use the identity
a2 _ b2
a+b

a —b =
2. (i) Consider the definite integrals

1
I, = / sinh” z dr ,
0
where n is an integer.

(a) Evaluate I, I» and Is.

Leave your answers in terms of hyperbolic functions such as cosh1, sinh?2
etc.

(b) More generally show that
nl, + (n—1) I, 5 = coshl sinh® ! 1.

(ii) Determine the centre of mass of a uniform quarter ellipse

2 2
T
S+t 5
a b

defined in the upper righthand quadrant.

PLEASE TURN OVER
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3. (i) In two dimensions, the Laplacian is defined by

2, = Pu O
VU= 52 0y? ’

where (z, y) are Cartesian co-ordinates.

Show that in polar co-ordinates

r = \z2+y?, 0 = tanflg,
x
the Laplacian is
9 0u 1 0u 1 9%u

VU T e T e T 2o

(ii) Find the stationary points of
u(z, y) = 22t + 8z%y? — 4% + 442,

and determine their nature.

18 +1i
2+3i

4. Consider the complex number z =

(i) Find Re{z}, Im{z}, |z| and arg{z} .
(ii) Find the modulus and argument of 2% .
(iii) Find the modulus and argument of 27! .
(iv) Find the moduli and arguments of all values of 2~1/3 = V=1,

(v) Plot the results of parts (iii) and (iv) on a rough sketch of the complex plane.

(vi) Find the real and imaginary parts of In z .

Quote arguments in radians within the range 0 < 0 < 2m.
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5. Vectors A =2i+2j+3k, B =3i+45+5k and C = —51+ 25 + 2k define the

6.

positions of points A, B and C with respect to the origin O.

(i) Find the angle (in degrees) between A and B.
(ii) Find the equation of the plane that passes through O, A and B.

(iii) Find the equation of the parallel plane that passes through C, and the per-
pendicular distance between the two planes.

(iv) Find the area of the parallelogram whose sides are A and B.
(v) Find the volume of the parallelepiped whose sides are A, B and C.

(vi) What can you say about a point D, defined by a vector D that satisfies the
equation |D-BxC| = 07

Consider the linear transformation T = ( _g _;1 ) .

(i) If uz(_?), find v = Tu.

(ii) Find T~! and verify that u=T v .

(iii) Find the eigenvalues and normalised eigenvectors of T. What is the relevance
of the result of part (i)? What can you deduce about the eigenvalues and
eigenvectors of T~17?

(iv) Find the angle between the eigenvectors of T. Draw a rough graph showing
the directions of the eigenvectors.

PLEASE TURN OVER
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7. Species A decays at rate « into species B and species B decays at rate 3 into species
C (see diagram).

(i) Write down the differential equations governing the time-dependent populations
A(t), B(t) and C(t) of the three species.

(ii) Show that, if o # (3, then

A(t) = A0)e ™ and  B(t) = B(0)e™™ + aA(0) (Lﬁ) -

—

If B(O) = 0 and C(0) =0, show that C(co) = A(0).

(iii) Draw arough graph of B(t) in the case where B(0) = 0 and « is substantially
greater than (3. Interpret the main features of the curve in terms of the
differential equations.

(iv) Solve the differential equation for B(t) in the special case where o = 3, and

show that B(t) = A(0) (at + p)e~* where p = B(0)/ A(0).
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8. Consider the vector field
V = yexp(zy)i + zexp(zy)j .
(i) Show that V' is conservative.

(ii) Evaluate the line integral

/V-dr
c

where C is a simple path of your own choice between the points
A=(0,0)and B=(1,1).

(iii) Construct a potential F(r) = F(z, y) for the field V(7).
(iv) Verify that
F(1,1) — F(0,0) = /V-dr
C

where the line integral is calculated in part (ii).

9. State Stokes’ theorem. Describe the regions over which the integrations are carried
out and the quantities that are being integrated.

%V-dr,
c

V = (z + 2%y + 2D + xy?) + xzk

Evaluate the line integral

where

and where C is a closed path in the plane z =0, consisting of four pieces:
(a) a straight line running from the point (1, 0) to the point (1, 1),
(b) a straight line running from the point (1, 1) to the point (0, 1),

(c) asemi-circle in the second and third quadrants running from the point (0, 1) to
the point (0, —1) and finally

(d) a straight line running from the point (0, —1) to the point (1, 0).

Check this result by using Stokes’ theorem written for the interior of C and taking
k as the normal direction to the surface S capping the path C.

PLEASE TURN OVER
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10. State the divergence theorem. Describe the regions over which the integrations are
carried out and the quantities that are being integrated.

Consider the vector field

3yt + 2xz3 — zk

V =
\/x2+y2+22

Find the outward flux across the boundary of the hemispherical volume bounded
from below by the spherical surface z? +y? + 22 = R? (for z < 0) and from above
by the x — y plane.

Use the divergence theorem to verify the result.

END OF PAPER



