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Problems for Lectures 17 & 18: Answers 
 

1. (i) We note that ( ) ( ) .t t t tx t Ae Be x t Ae Beα α αα α+ − + −= + ⇒ = −

0

α  Hence 
(0)x A B= + = x 0 0(0) /v A B v A B v and α α α= − = ⇔ − =
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(ii)  0 0
0

/ 0
2

x v
0B v xα α−

= = ⇔ = . Hence ( )0 0( ) cosh sinh tx t x t t x e αα α += + = . 

If  0 1 and 1x α= =  then ( ) tx t e= . 

2.  We note that ( ) ( )0 0( ) cos ( ) sin .x t A t x t A t0ω φ ω ω= + ⇒ = −

0

φ+  Hence 
(0) cosx A xφ= = 0 0(0) sinv A v and ω φ= − = . Taking the ratio, we find 
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 which leads to cos 0.832φ =  

and 0 / cosA x 2 / 0.832 2.404φ= = = . Inserting these values into the solution, we find 

( )3( ) 2.404cosx t t= + . 

3. (i)  We  note that ( ) ( ) ( ) tt t tx t Ae Be v t x t Ae Be μμ μ μμ μ +− + − −− − −
− += + ⇒ = = − − . Hence 

0(0)x A B x= + =  and 0(0)v A B vμ μ− += − − = . Solving these two equations yields 
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(ii)(a) In the case of strong damping,  2 2
0 0ω ωΓ ⇔ Γ , we find the following 

aproxiamtions 2 2
0μ ω+ = Γ + Γ − ≈ 2 2Γ + Γ ≈ Γ  and 

( ) ( )( )2 2 2 2 2 2 2
0 0 0 01 1 / 1 1 / 2 /(2μ ω ω ω ω− = Γ − Γ − = Γ − − Γ ≈ Γ − − Γ = Γ)  where we 

use the Taylor expansion 1
21 1x x− ≈ −  valid for .  1x

 (b) When 0ω μ μ+Γ ⇒ − , and therefore A B  and   
2
0 / 2

0( ) ttx t Ae x e ωμ− − Γ−≈ ≈

 (c)  If 130 s−Γ =  and 1
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e

, the condition of strong damping applies.  
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0 / 2te ω /t τ− Γ =

2
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−  where τ is the characteristic time, it follows that 
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t4. Let ( ) tx t Ae Beμ μ−−= + +− . Inserting and A B , we find (see 3(i)) 
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 Now, as critical damping is approached, μ+  and μ−  converge to Γ, and the difference 

0μ μ+ −− → , and therefore ( ) )tμ μ 1 (e tμ μ+ −−
+ −−≈ + .  It follows that 
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