Mathematical Techniques I1: Algebra (Physics Year 1 Term 1) PL17&18a 7&10/12/2007

Problems for Lectures 17 & 18: Answers

1. (i) We note that x(t) = Ae*™™ +Be ' = X(t) = a Ae** —aBe . Hence
X(0) = A+B=x, and v(0) =acA-aB =v, & A-B =V, /a. Solving these two
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equation w.r.t Aand B yields A= X
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and . It follows that
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If x,=1and a =1 then x(t)=¢".

=0 < vy =aX,. Hence x(t) = x, (coshat +sinhat) = x,e™" .

2. We note that x(t) = Acos(m,t +¢)=> X(t) = —w, Asin (ot +¢). Hence
X(0) = Acos ¢ = X, and v(0) = —Aam, sin ¢ =V, . Taking the ratio, we find
Vo 4

Yo _ —m, tan ¢ implying tan¢ =— =——=0.667 which leads to cos¢ =0.832
XO 0)0XO 3'2

and A=x,/cos¢=2/0.832=2.404. Inserting these values into the solution, we find
X(t) = 2.404cos (3t +).

3. (i) We notethat x(t) = Ae™*' +Be ' = v(t) = X(t) = —u_Ae ™' — u, Be ™. Hence
X(0) = A+ B =x, and v(0) =—x_A-u,B =Vv,. Solving these two equations yields
A=HFotVo 5og g HKotVo
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(i)(a) In the case of strong damping, I'? > a)g < I'> w,, we find the following

aproxiamtions g, =T +4T? —@f ~T+I'? ~ 2T and
g =T—\T2- =F(l—«/l—wg /r?)zr(l_(l_wg/er))mg /(2T") where we

use the Taylor expansion v1-x ~1-2%x valid for x «1.

(b) When I' > @, = u, > u_, and therefore |A| > ||3| and x(t) ~ Ae ' ~ Xoe—wgt/zr
(c) 1fT=30s"and @, =2rads™, the condition of strong damping applies.

Writing e~!2l —g7!'7 \where ris the characteristic time, it follows that

r=2T | @ =155 . The function x(t) ~ x,e "2 = x,e /%,



Let x(t) = Ae“' +Be ™. Inserting A and B, we find (see 3(i))
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Now, as critical damping is approached, x, and x converge to I', and the difference
i, — 1. — 0, and therefore e x 14 (s, — )t . It follows that
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