Mathematical Techniques I1: Algebra (Physics Year 1 Term 1) PL16a 03/12/2007

Problems for Lecture 16: Answers

1.  Tofind the eigenvalues, we solve the characteristic equation det(A—/”tI) =0 and to

find the associated eigenvectors, we solve the associated homogeneous equation
(A—Al)x=0 foreach 4.

. 5— -2
(i) det(A—/il):0<:>‘ PR

_7+7*-4.1.6 745

‘=0<:>(5—/1)(2—/1)—4=0<:>/12—7/1+6=0 50

6 . L
= {1 . We find the respective eigenvectors:

2 2
-1 -2 0 -X% -2y, =0
A, =6: OB = e < X, =—2Y, S0 an eigenvector
-2 —4)\y, 0 2%, -4y, =0

-2
associated with the eigenvalue 4, =6 is X, =( . J Divide by /(—2)% +12 =+/5 to

normalise.

4  =2\(x, 0 4x, -2y, =0 .
A, =1: = = < Y, = 2X, S0 an eigenvector
-2 1)y, 0 -2X,+Y,=0

1
associated with the eigenvalue 1, =1 is X, :(2) Divide by V12 +2? =+/5 to

normalise.

The eigenvectors X, and X, are orthogonal, x,+x, =0, because A is a real and

symmetric matrix A' = A,

5-14 -7
1 -3-1

2+42°-4-1-(-8 + 4 : L
- ) 2 6:{ 2.Wefmd the respective eigenvectors:

2 2

1 -7 0 -7y, =0
A =4: S DTS LR LR X, = 7Y, S0 an eigenvector associated
1 -7T)\y, 0 X =7y, =0

(i) det(B—/II)=O<:>‘ ‘=O<:>(5—/1)(—3—/1)+7=O<:>12—2/1—8:0

SO A=

with the eigenvalue 4, =4 is x; _{ j Divide by v/7% +1° =+/50 to normalise.

2 [ 7y2 =0 X S0 an eigenvector
A 1 1 _y, =0 2 =Y g

1
associated with the eigenvalue 1, = -2 is x, = [J . Divide by v1? +12 = /2 to

normalise. Note that the eigenvectors are not orthogonal in this case.

(i) >“<1=x1/|x1|_£ Z’IJ X, |x |—E’/@

1



(iv) The matrix of normalised eigenvectors: S =(%,,X,) {

(v)

—2/\/5 1/5
15 26

A

] .The transpose

—2/\5 1/5
1/J5 2/5

StS:[—Z/JE 1/@}[—2/6 1/@}2(1 o}
15 2/\5)\ 1146 2/45) (0 1)

We know that S™AS = A =diag(6,1) . Hence, we find

matrix S :[ J and we note

Tr(A®)=Tr(SS'ASS™A--SSA) since S§™* =1
=Tr(S(S'ASS™A---SSA))
=Tr((S'ASS™A--SSA)S) since Tr (AB)=Tr(BA)
=Tr((S'AS)(SAS)---(SAS))
=Tr(AA---A) since STAS=A
—Tr(AlO)
= 6 412
Let x be an eigenvector with eigenvalue A for the matrix B. Then we find
B®x = B(BX) = B(Ax) = A(Bx) = 4(4x)= A°x. The eigenvector x for the matrix B is
therefore also an eigenvector for the matrix B2 but with eigenvalue A2. Since the

. . ) 16
eigenvlues for B are 4, =4 and A, = -2, the eigenvalues for B are 4 = 4

(i) Consider a general diagonal matrix A with diagonal elements a,,,a,, and a,,. The

characteristic equations reads
a,—A 0 0

det(A-4l)=0<| 0 a,-4 0 |=0<(ay—4)(a,—4)(au—-4)=0so0
0 0 A, — A4
the eigenvalues are the elements in the diagonal matrix 4 =a,;, 4, =a,, and 4, =a,,.

The eigenvector associated with A4, =a,, we find by solving the associated homogenous

0 0 0 X, 0 0=0
equation |0 a,, -4 0 Y, |=|0|=4(@y-A4)y,=0<y,=2=0 s0
0 0 a,-4)\lz) \o (a; — 1)z, =0
1
X, =| 0 | is an eigenvector associated with the eigenvalue A4 =a . Likewise we would
0
0 0
find that x, =| 1 | and x, =| O | are eigenvectors associated with 4, =a,, and 4, =a,,,
0 1

respectively. Hence, the eigenvalues and eigenvectors for the matrix A given in the
question are the diagonal elements, that is, are

2



1 0
A, =3 associated with x; =| 0 |, A4, =5 associated with x, =| 1 |, and A, =27

0 0
0
associated with x; =| 0 |.
1
(if) The characteristic equation
-4 0 1
det(B-A1)=0&[0 2-1 0 =0<:>—2,‘2_/1 O‘+1-‘O 2_’1‘:(/12—1)(2—/1)=0

-1 1 0

1 0 -1
so the eigenvalues are 4, =2,4, =1and 4, =-1.

The eigenvector associated with 4 =2 we find by solving the associated

-2 0 1)\(x 0 2% +2,=0
homogenous equation| 0 0 0 ||y, |=|0|< 0=0 <©<x=2=0s0
1 0 -2)\z 0 X, —22,=0
0
X, =| 1| is an eigenvector.
0
The eigenvector associated with 4, =1 we find by solving the associated
-1 0 1)\(x, 0 -X,+2,=0
homogenous equation | 0 1 0 ||y, |=|0|< y,=0 < x,=2,,¥,=0s0
1 0 -1)\z 0 X,—2,=0
1
X, =| 0 | is an eigenvector.
1
The eigenvector associated with 4, =—1 we find by solving the associated homogenous
1 0 1)x 0 X;+2;=0 1
equation |0 3 0|y, [=(0|<1 V¥, =0 <o Xx,=-2;,y;,=05s0x,=| 0 | isan
1 0 1)\z 0 X;+2;=0 -1

eigenvector.

(iii) The characteristic equation
2-14 0 2

2—-1

det(C-41)=0<| 0 2-4 0 =o®(2—,1)‘ .
2 0 -1-4

Hence (2—/1)(/12 —/1—6) =0 so the eigenvalues are 4, =3,4, =2 and 4, =-2.

0 0 2-4
+2- =0
-1-1 2 0



2 0 1
The eigenvectorsare x;, =| 0| for 4, =3, X, =|1|for ,=2,and x;=| 0 |for 4, =-2.
1 0 -2

4. Wefind that z, = 2+ 2i = /8e'"/2™ 7. — _143i = /106! 1®*?™ ne 7,

(i) 2°= (\/g)lo (ei(zr/4+27zn))10 _ g5qi(5/2+20m) _ g84i57/2 _ 3976ai

(ii) 2,* =(v10 )74 (e'ee3:2mm ) ¥ = 10726/7578 = 0,01 %" = 0.0028—0.0096i Sign i?
(i) (z ) =(2°) =-32768i,

5. Note that i =e'*™'**™ Hence, i*'" = (ei(”’2+2””) )1/7 = g!(/14+2m0/7) 'n e 7, There are
seven (7) different values corresponding to n=0,1,2,3,4,5,6.

6. (i) Since —-1=€"""*",neZ, we find that In(-1) =In(e'"**™) =iz +i2zn, that is,
In(-1) =...,—i57z,-13x,—ix,ix,i37,i57,.... The principal value is Ln(-1) =iz (n=0).
(i)  Since i=e'"/2*2" e find that In(i) =i(z/2+22zn) =iz/2+i2zn, that s,

In(i)=...,—11172,-i772,-i372,ix 1 2,i572,i97/ 2,.... The principal value is
Ln(i) =iz /2 (n=0).

: ir2 i i : i _ :
2|/2 =e'”2 :e2|n2 :ez(Ln2+|27rn) :e0.347| M _ @ ;meo.347|

7. ()
=e ""(c0s0.347 +isin 0.347) = ™" (0.941+ 0.340i).

(i) Note that 1+i =+/2e'*"**™ Hence we find that

(1+ i)1+i _ (Z%Ei(ﬁ/4+27rn) )1+i _ Z%ie(i—l)(ﬂ'M+27rn) _ Z%Zizeiﬂ'/4e—7r/4—27m

— 0t g~ MNg034Tigin/4g-7/4-27n _ o-37n (defn/4)ei(n/4+o.347) — 3™ (0.274+ 0.584i)

X —X X —X
8. (i) coshx+sinhx=S"1% & =€ _ox,
2 2
X | a—X X a—X
(i) cosh x —sinh x = < Ze _£ 2e =e™*

(iii) cosh? x—sinh? x =(cosh x +sinh x)(cosh x—sinh x) =e*e ™ =¢° =1.

(v) siniy=fo 0 _ e cefoeV ihy
2i 2 2 .
. el om0 07 (cos X + i sin x) — e (Cos X —isin X)
sin(x+1y) = - = -
2i 2i
(V) ) )
. ed+eV ey —eV . :
=sin x +icosx =sin xcosh y +icosxsinh y




	Problems for Lecture 16: Answers

