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Problems for Lecture 12: Answers
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Please check that A'A, =AA" =1 ©.

0 2
Since det A, :‘ 4‘ =4 =0, the matrix A, is non-singular. We find the inverse

N~

6
Since detA, = 5 =12—-(-3)-(-4) =0, the matrix A, is singular.

2 3
Since detA, = ‘3 5‘ =1+ 0, the matrix A, is non-singular. We find the inverse

A _adjA,

5 -3) (5 -3
3= = = . Again check that A;'A, =A,A =1 ©.
det A, 2

-3 2 -3

The matrix B, is singular. Column 2 is 2x column 3, implying detB, =0.
Expanding by the first row we find detB, = —7~‘: 2‘ =-7-(-24) =168 =0 so
the matrix B, is non-singular.

The matrix B, is singular. Row 3 is (3x row 1 + 2x row 2), so detB, =0.

Adding (-1)x column 2 to column 1 and expanding by column 1 we find

4 4 4 0 4 4
detB,=[2 1 2/=[1 1 2/=-1.
-1 -11 0o -1 1

4 4 . :
=-8=0,s0 B, is non-singular.

The matrix B, is singular. Rows 1 and 3 are identical, implying detB, =0.

The matrix B, is not square, so it has no determinant. Therefore, in principle, the

issue of singularity does not arise. However, the term singular is sometimes
applied to any matrix that has no inverse. Hence, non-square matrices are

singular, since they, by definition, have no inverse.

-1 2 3

3. The matrix of the coefficientsis A=| 2 1 —4].

(@)

-1 -2 1
Adding 2x row 1 torow 2, (-1)x row 1 to row 3, and expanding by column 1:
-1 2 3| -1 2 3 .
detA={2 1 -4=|0 5 2 =—1.‘
-1 -2 1 0 -4 -2
1

2
2‘=—1-(—10+8) =220,



(b)  The ij th element in the matrix of cofactors is C; = (- det A;;. Hence, we find
1 -4 2 -4 (2 1
-2 1 -1 1 -1 -2
-7 2 -3
2 3 |-1 3 -1 2
C=|- - = -8 2 -4
-2 1 -1 1 -1 -2
-11 2 -5
2 3 -1 3 -1 2
1 -4 2 -4 2 1
(c) The adjoint matrix is the transpose of the matrix of cofactors. Hence, we have
7 2 3} (-7 -8 -11
adjA=C'=| -8 2 —4|=|2 2 2
-11 2 -5 -3 4 -5
5 4 %
(d) Theinverse AtZAdA Vg
det A 3
-3 2 _5
2 2
(e) Since detA =0, A isinvertible. Therefore, the general solution to the system of

linear equation can be found using Ax=k & A"'Ax=Ak o Ix=A'k o x=A"k

Hence | x, |=| 1 1 1 ||k, |= ki + K, +Kg

—% -4 —1—21 -1 2 3 %—8+1—21 -7-4+11 —%+16—1—21 1 00
Ala=|1 1 1 2 1 A4|=|-1+2-1 2+1-2 3-4+1 |=|0 1 O
3 5 3 5 9 5
-5 -2 -3 -1 -2 1 5—4+5 -3-2+5 —§+8—§ 0 0 1
7 1 7 9 11 15
-1 2 3 - -4 -5 E+2—E 4+2—6 7+2—7 1 0 O
AA =2 1 -4 1 1 1 |=|-7+1+6 -8+1+8 -11+1+10|=|0 1 O|].
3 5 7 3 5
-1 -2 1 -5 -2 - 5—2—5 4-2-2 1—21—2—5 0 01
X —T-4+8) (2 X -5 +32 2 X -2-16->) (-54
yl=| 1+1-1 |=| 1 |(b)|y|=| 5-8 |=|-3|(c)|y|=| 3+4+5 |=| 12
z -3-2+32 -1 z -L116 I z -5-8-2 -25

5. Adding (-5)xrow 1 to row 2, adding row 3 to row 1, and expanding by row 2 we find:

0 4 3 0
0 3 0
0 2 0 0 -1 -1
detD = =2.-1 2 -U=2-(-3)- =6.
1 3 2 - 3 4
3 5 4
3 25 4
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