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Classwork 6 — Transforming Areas & Volumes: Answers

X a b(x) (ax+hy .
=T 2= = , that is, x, =a (Y, =a b, y;.
r, r1<:>[yzj [az bj(ylj (aleerzylj IS, X, =aX +byy; Y, =aX +hyy;

The origin x, =y, =0 is transformed into itself, x, =y, =0.

: : : , u u+s u+s u
Just by inspection of the Figure, we find r, :(vj'rB :( y j,rc :[v sj’rD :(v s}
+ +

Similarly, by inspection, AB =DC =si, AD = BC =5;j.

Consider a line r =r, + Ad . Since the transformation is linear, we find that
Tr=T(r,+Ad)=Tr,+T(Ad)=Tr,+ A(Td) which indeed is a straight line passing
through the point Tr, and direction vector Td .

We find that the corners of the square transform into
r=Tr, = a, b )(u)au+byv CroTr - a b \(u+s) au+s)+byv |
a, by, )\v){au+byyv a, b))l v Jlay(u+s)+byv

L = Tr :(al qj(u+sj(al(u+s)+bl(v+s)j’ and

a, b, \v+s)la,(u+s)+b,(v+s)

ry :TrDz[a1 bl]( y j(a1u+bl(v+s)]’ respectively.

a, b, ){v+s)lau+b,(v+s)

Using EF =r, -1r.,HG=r, —r,,,EH =1, —r.,FG =1, —1,,, we find

ﬁE:H—G':(alZJ, E‘H":Eé:(blsj.
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(i) Since EF = a,si+a,sj and EH =b;si+b,sj, the area of the parallelogram is

) 3
We evaluate the results above using T = (2

i K
‘ﬁ x ﬁ‘ =las as 0] =|aysh,s—bysa,s| = s?|(ab, —ayb;)| = s*|det T].
bs b,s O

Hence, since the original area was s, the area scale factor is multiplied by |detT|. (Note

that, in the equation for the area, the outer bars signify the absolute value while the inner
bars signify the determinant.) (ii) Inserting the values, we find |det T|=[12—4|=8.

Yes, because any shape can be considered to be an assembly of small squares.
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(h) (i)  The transformations of the natural basis vectors f(e;) are the column vectors a; of
the matrix defining the transformation:

a=ai+aj+ak, a,=bji+b,j+bk, a;=ci+c,j+csk.

a b ¢
(i) Thevolume is [a,+(a, xaz)|=|la; b, c,[=|detT| as before.
a; by ¢

(iti)  Yes, because any solid can be considered to be an assembly of small cubes.

(e) Sketch of square ABCD and its transform, the parallelogram EFGH:
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