M2AA2 - Multivariable Calculus. Problem Sheet 9. Solutions.
Professor D.T. Papageorgiou
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(d)
0ij0jkOki = OikOki = 0ij = 3

2. We have from the definition of angular momentum and the fact that v = w x @ that

hi = mejpa g = MeijhTjehpgpTe = MekijerpgTWpTq = M(dipdjq — digljp)Tjwpy

= m(TqwiTqy — Tpwpti) = M(TprEdijwj — Tjzjw;) = Ljjw;,

where I;; is the inertia tensor.
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as required.

4. (a)
¢/ — u/'U, = QjjUjA55VE = (Sjkuj'l)k = U;v; = ¢7

i.e. a scalar, hence a tensor of rank zero.
/ A A
fri = UpURV; = ArUyAsUsAitVt = OpsUpUsQitVt = ait(ururvt) = a’itﬂa

hence a tensor of rank one.

(b) Transform T;; to T;; as follows

;L 0A! B A, Ox, o 0A; Oz,
! — = = Qg —.
u 8563 0z, 8:1:; oz, 8%9
. oz .. .
Since z, = a-x) we have gﬁf = Qr g F = atr0tj = ajp. This implies, then,
J J
0A
/ S
ir@'j = QjsQjp Oz = aisaersra
T

i.e. a tensor of rank two.



5. First express e} in terms of e;:

€| =cosfe; +sinf ey, ey, = —sinfle; + cosf ey, es = e3.

Use the notation ¢ = cosf, s = sinf and introduce the matrix A = (a;;) by

c s 0
A=] —s ¢ 0
0 01
Now Tl’] = a;ra;sTys, or in matrix notation 7" = AT AT and multiplying out the matrices we
find
C2T11 + scl19 + sclv + S2T22 —scli1 — S2T21 + 62T12 + scTyy T3+ sThs
T = | —scTiy + ATy — s2Tho + scThy 2Ty — scTig — scToy + 2Thy —sTis + cThs
cT31 + T30 —5T31 + cT39 T33

It follows that T}, = T{; + The + Thy = (c? + s?)(T11 + Ta2) + T35 = Ty, as required.

6. For D;; to be a tensor, then ng = a;jrajsDys for any transformation to S’. Check if this is
the case for the transformation of problem 5. This gives
A+ 52 0 0
D = 0 2+ 0
0 0 1

and this is exactly D for all 8. Hence D is not a tensor.

7. First find the transformation of the basis vectors e} in terms of e; to get a matrix A, and then
the transformation of e} in terms of e, to find the matrix B (see problem 5). The matrices
are

1 0 0 1/vV2 1/v/2 0
A=10 1/vV2 1/vV2 |, B=| —-1/v2 1/v/2 0
0 —1/vV2 1/V2 0 0 1
Now 7" = ATAT and T"” = BT'BT = CTCT where C = BA, i.e

1 1 1

C=—1| -1 1 1
V2 0 -1 1

Substituting for the given 7" and multiplying the matrices gives

20+b —2a+b bV2
T =1 —2a+b 2a+b b/2
-2 b2 -2

Now we have

(i) T/ = (2a+b) + (2a+b) — 2b = 4a = Tj;.
(i) T7T{; =sum of the squares of the elements = 16(a* + b*) = Tj;Ty;.
(iii)

THTV = T{y + Tgh + Thy + 2175 T5) + 2T{5 T4 + 2T35T4) = 16a* = T;;T;



