






4. Consider the following model of the chemical reaction between two substances whose

concentrations are denoted by x and y, respectively:

dx

dt
= a − x − 4xy

1 + x2
,

dy

dt
= x

(

1 − y

1 + x2

)

.

Here a is a positive parameter. Note also that as x and y represent concentrations, we are

only interested in x, y ≥ 0. The model serves to illustrate that chemical reactions may yield

asymptotic solutions that oscillate instead of being stationary.

(a) (i) Show that there is a unique equilibrium and that at this equilibrium the derivative

of the vector field (Jacobian) is equal to

1

25 + a2

(

−125 + 3a2 −20a

2a2 −5a

)

.

(ii) Show that the equilibrium is asymptotically stable if a < 5

6
(1 +

√
61) and

asymptotically unstable if a > 5

6
(1 +

√
61).

[You may apply the derivative test without proof. Hint: Recall that the eigenvalues

of a 2 × 2 matrix A are given by λ± = tr(A)/2 ±
√

(tr(A)/2)2 − det(A), where

tr(A) denotes the trace of A and det(A) its determinant.]

(b) Show that

(i) The quadrant {(x, y) | x ≥ 0, y ≥ 0} is positive flow-invariant.

(ii) All ω-limit sets of the flow are contained in the region

Ba := {(x, y) | a ≥ x ≥ 0, 1 + a2 ≥ y ≥ 0}.

[Hint: consider the flow through the boundary of Bc for all c ≥ a.]

(iii) Apply the Poincaré-Bendixson Theorem to show that there exists a periodic solution

in Ba if a > 5

6
(1+

√
61), and that this periodic solution must encircle the equilibrium.

(c) Suppose that the equilibrium is the unique ω-limit set of the ODE when a < 5

6
(1+

√
61).

What stability property would you expect for the equilibrium at a = 5

6
(1 +

√
61)?

Motivate your answer.
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