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Partial Differentiation   
Introduction And Definition
Consider a function u = f(x,y) of 2 independent variables e.g.

u(x,y) Could be the height of same some surface at position (x,y) above the x,y plane.

              u



                                  y


                             Height above the plane

x                     (x,y)

or f(x,y) could be the (steady state) temperature at position (x,y) of a 2D plane.




                100C

                                         0C

Where contours are of the constant temperature u.

In general “the height” of u varies if we move in the x or y direction.

Definition
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 is the rate of change of u in the x direction at fixed y.
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Notation
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                        The fixed variable
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is the same as an ordinary derivative, treating y as one would treat a constant.
We say 
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is the 1st partial derivate of u wrt x.

Similarly, 1st partial derivate of u wrt y is: 
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e.g.
u = x2y3
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e.g.
u = sin(xy)
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One can also define higher order partial derivatives:
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    Where y is kept constant.
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    Where x is kept constant.

And mixed derivatives are defined as:
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An important result valid for almost all functions is:

uxy = uyx       Useful as a check
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The definition of the partial derivative trivially generalises to functions of more variables e.g.

u=u(x,y,z,t,)
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    etc

Keeping all other variable constant

Total Derivative

Suppose we move from (x,y) to   x + 
[image: image19.wmf]x
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The total change in u is:

Equation 1      
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       Similar for more variables
i.e.
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Equation 2      
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e.g. Of Equation1 for estimating small changes.
Given f(x,y,z) = 
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 estimate the percentage change in f if x,y,z are change by +2%, +1% and -2% respectively.
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Divided by f gives:
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But 
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Hence 
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The chain rule in partial differentiation

For a function of 1 variable u(x) the chain rule is for differentiating with respect to another variable, t, if we are told x=(t).

e.g.


0C



100C

u(x) is temperature     x(t) is the instant

at position x                position of the moving body

The chain rule is 
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This can be generalised to function of variables, i.e. u=u(x,y). There are 2 choices:

1) Simple Chain Rule

u=u(x,y)
and we are told x=x(t), y=y(t)


   0C       100C


Temperature u=u(x,y)





Where (x(t), y(t)) are coordinates of a moving body.

To find 
[image: image30.wmf]dt

du

we use the total derivative:
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In the limit 
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The chain rule becomes:
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Note the partial derivates 
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because u=u(x,y) a function of 2 variables.
Whilst there are normal derivates 
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because x=x(t) a function of 1 variable.

e.g.
x(t) = cos t,
y(t) = sin t

Then 
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For all functions u=u(x,y)

Suppose u = xy 
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This can be checked directly
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2) Chain Rule for 2 sets of independent variables

Suppose u=u(x,y) and x and y are each functions of 2 new variables s,t

i.e.
x = x(s,t)
Conversely
s = s(x,y)

y = y(s,t)
Conversely
t = t(x,y)
We wish to write 
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                             Or

We wish to write 
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Conversely we want
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Most important example is when (s,t) represents a new coordinate system.

(I)
If x = x(s,t)
y = y(s,t)
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Then after dividing by 
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e.g.      x = ½(s + t),
 y = ½(s – t) 

Then 
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(II)
Conversely if s = s(x,y),    t = t(x,y)
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Then 
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e.g. From above 
s = x + y




t = x - y
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This is completely consistent with the 1st set of equations.
N.B
In these expressions all derivates are partial

In the above example 
[image: image57.wmf]1

=

¶

¶

x

s

  and  
[image: image58.wmf]2

1

=

¶

¶

s

x


i.e.
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The reason for this is that 
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e.g. From Cartesian To Polars

Wish to transform particle derivative in Cartesian (x,y) into partial derivatives in terms of Polars (
[image: image64.wmf]q

,

r

)


                   r


Polar coordinates x = r cos
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,    y = r sin
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According to the chain rule:
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Similarly
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Thus:
9
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[image: image80.wmf]
The Laplacian
In 2D Cartesian coordinate the Laplacian of a function u(x,y) is:
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The function is called “del squared”

The function can be extended into 3D

An e.g. of such a partial differential equation is:
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The Schrodinger Equation

Wish to rewrite Laplacian 
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Half of the Laplacian function
Using 11
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Using the product rule gives:
A = 
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B = 
[image: image89.wmf]q

q

q

¶

¶

¶

+

¶

¶

-

r

u

r

u

2

cos

sin


C = 
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   The other half of the Laplacian function, evaluated by using 12 twice
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Adding 13 and 14 to get the whole Laplacian function (in Cartesian form) gives:
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Implicit Functions Revisited

A relation like     y2sin(xy) + ln x + 6 =0
is one that implicitly defines y as a function of x.
In general

F(x,y) = 0


             F(x,y)


                                      y


x


Varying x and y does not alter F (F=0), the total derivative vanishes.
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e.g.
x2sin(xy) + xy -1 = 0
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Similarly F(x,y,z) =0

Implicitly defines 
z = z(x,y)



Or
x = x(y,z)




y = y(x,z)



[image: image99.wmf]0

=

¶

¶

+

¶

¶

+

¶

¶

=

dz

z

F

dy

y

F

dx

x

F

dF


Thus at constant y (i.e. dy=0) 
[image: image100.wmf]z

F

x

F

x

z

y

¶

¶

¶

¶

-

=

÷

ø

ö

ç

è

æ

¶

¶

Þ


Thus at constant y (i.e. dy=0) 
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Thus at constant y (i.e. dy=0) 
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Note:
Useful in thermodynamic for differentiating equations of state F(p,v,t) = 0

Exact Differentials

If we have a function u(x,y) the total derivative is
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(1)

Suppose instead we are shown a function

P(x,y) dx + Q(x,y)dy
(2)

Is (2) the total derivative of a function of 2 variables?

To check it is then
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As 
[image: image105.wmf]x

y

u

y

x

u

¶

¶

¶

=

¶

¶

¶

2

2


we must have
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(3)

If (3) is not satisfied then (2) is not the total derivative of a function of 2 variables. If it is satisfied then (2) is an exact differential. 

Examples

1 Is y2dx + (x2 + 2y)dy exact?

P = y2

Q = x2 + 2y
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Equation is not exact.

2 Is ydx + (x +2y)dy exact?

P = y

Q = x + 2y
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Equation is exact.
To find u(x,y) we note that
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  f(y) and g(x) are constants of integration

By inspection the only possible function is:
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This method can be used to solve some differential equations:
e.g.

Solve 
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With y(0) =1

Rearrange to get

ydx + (x + 2y)dy = 0

As 
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Equation is exact

Hence integrating 
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gives

xy2 + y2 + c = 0

From boundary conditions y=1 when x=0

0.1 + 12 + c = 0

c = -1
Hence

xy + y2 -1 =0

Stationary Points

For a function of one variable u=u(x) stationary points are located at 
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and their nature determined by
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Now consider a function of 2 variables u=u(x,y). This can be visualised as surface above the xy plane and its contour map.

There are 3 types of Stationary Points
Min           u
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        x




Lines of increasing constant u
Max            u


                                     y  
      x




Lines of decreasing constant u
Saddle Point                                                    u < usaddle     Lines u = usaddle
                  u


                                                                                            u > usaddle

                                     y
      x
Stationary point at solution of 2 simultaneous equations.
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To determine the nature calculate the value of:
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 at each stationary point

Then if E is positive implies it is a saddle point.

Then if E is negative implies it is a max or min determined in the normal way.

This is proved later though the Double Taylor Series.
e.g. Determine the location and nature of the stationary points of 

u = x3 + xy2 + x2y -6x +y3 - 6y
Location:
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Thus, the stationary points can be found from solving 2 simultaneous equations:

3x2 + y2 + 2xy – 6 = 0

(1)
2xy + x2 +3y2 – 6 = 0

(2)
(1) – (2) 
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Now substituting into (1)
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for y = + x

For the positive root
y =x,
x2 =1
x=1,-1


Stationary Points at (1,1) (-1,-1)

For the negative root
y=-x,
x2=3
x=
[image: image126.wmf]3

±


Stationary points at 
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Nature of stationary points
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uxx = 6x + 2y

uyy = 2x + 6y

uxy = 2y + 2x

E = 4(x + y)2 – 4(3x + y)(x + 3y)

Thus
(1,1)
E=-48
Max / Min 
But as uxx > 0 it’s a min 


(-1,-1)
E=-48
Max / Min 
But as uxx < 0 it’s a max
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Intersection of F with the xy plane defines y=y(x)
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