3
Sequences 
3.1 Definitions
A sequence (an) is a map from 
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They are useful for three reasons:
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 Infinite series:
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Solving equations x = f(x)

Define a sequence xn by xn+1 = f(xn). If xn converges to x get a solution to x = f(x)

3)

Topology (Study of sets of points, subsets of the reals)

[0,1] vs (0,1) 
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We need a procedure avoiding 
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Means, we can make an as close as we like to a by taking n very large.

More precisely a sequence an converges to a if
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By taking n very large -> as close as we like.
e.g.
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Which proves convergence. 
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Whilst 
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Theorem:
The limit of a sequence is unique

Proof: 

Using “The Triangle Inequality”
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Suppose for contradiction limit is not unique:
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and
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Algebra Of Sequences

If 
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Theorem
If 
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Then 
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Proof

Need to show 
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Given 
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Derive 
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Need to change 
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Combining and taking 
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Squeezing Theorem

We need some simple test of convergence which avoid using rigorous definition every time.

If
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Proof on classwork

e.g.
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Theorem:
Let xn be a positive sequence
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Then 
If L < 1 xn converges to 0


If L >1 xn diverges


If L = 1 Test Fails

Proof Later

e.g.
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3.2 Monotone Sequence
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Theorem:
A convergent sequence is a bounded on.

Proof:
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Using the triangle inequality for n > N
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But is a bounded sequence convergent? No as (-1)n is bounded but not convergent.
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This series converges in the reals to 
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 but not in the rationals.
Theorem
If an is monotone increasing and bounded above it converges in the reals. Not true in rations as a rational sequence may converge to an irrational.

Proof:
Let 
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e.g. ak = max 
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 if k is sufficiently large.
sin k can never equal 1

sin k = 1

Means 
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Wallis’s Product
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Monotone decreasing and 
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f(x) = 0 at 
[image: image93.wmf]p

n

x

=


and f(0) = 1

Since 0 and f(0) = 1 as 
[image: image94.wmf](

)

x

x

x

f

sin

=

, implies given convergence.


[image: image95.wmf](

)

1

4

4

2

4

1

4

2

1

1

2

2

2

2

1

2

2

1

2

1

-

P

=

-

P

=

÷

÷

ø

ö

ç

ç

è

æ

-

P

=

=

¥

=

¥

=

¥

=

n

n

n

n

x

n

n

n

p

p

p

p


Which is the Wallis’s’ Product
3.3 Cauchy Sequence

Convergence is 
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This definition depends on knowing a. So we need a definition of convergence that doesn’t depend on knowing a.

Definition
A Cauchy sequence an is one for which 
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i.e. If we go sufficiently far along the sequence terms becomes as close as we like.

Theorem:
A convergent sequence is Cauchy,

Proof:
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Is a Cauchy series convergent? Handout.
e.g.
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i.e. 
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If m > n > 
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3.4 Contractive Sequence
A sequence xn is contractive if 
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Theorem:
A contractive sequence is a Cauchy one.

Proof:
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Final line call 1

If m > n
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Fibonacci Sequence
1,1,2,3,5,8,13,21 = Fn
Fn+2 = Fn+1 + Fn
Hence it diverges
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e.g. Of A contractive sequence:
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So contractive, therefore convergent.
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3.5 Solving Equations

e.g.
Solve 
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If xn converges to x it solves equation

Take 
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More generally x = f(x)

Solve using the sequence 
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Zigzag converges to x = f(x)

Convergence depends on choice of x1 and type of function involved.

e.g.
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Theorem xn converges

Proof

1
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xk is bounded from below by 
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xn is monotone decreasing because:
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 As monotone decreasing and bounded its convergent.
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