A.D.

M R Richards


3
Integration   
Riemannian Definition
Consider the graph of the function y=f(x), the area A under the curve between x=a and x=b can be evaluated by adding the area (Sn) of a large number (n) strips at x0, x1, x2 … xn where x0=a and xn=b
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Hence we can define the integral as:
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Notes

1. f(x) is the integrand, a is the lower limit, b is the upper limit of the integration.

2. x is a dummy variable i.e.
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    3.   
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Fundamental Theorem Of Calculus
Integration is the inverse process of differentiation, that is:
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Indefinite integral

Where 
a is an arbitrary starting limit 
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Proof
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Notes:

· Since a is arbitrary an arbitrary constant must be added to F(x) when integration is complete.
· Definite integral 
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Improper And Infinite Integrals 

Infinite Integrals
What is the meaning of 
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Consider I(N) = 
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 then if I(N) has a finite limit as N tends to infinity then the infinite integral 
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e.g.
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 Integral does not exist

Improper Integrals

Sometimes the integral 
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 is finite even though f(x) may tend towards infinity in the domain of integrations. Or is area under curve finite even if f(x) tends towards infinite.

e.g.
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Improper integral exists.

e.g.
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Improper integral does not exist.
e.g.
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Improper integral does not exist.

Evaluation Of Integrals Using Useful Tricks

1) Partial Fractions
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2) Change Of Variable



[image: image22.wmf]ò

dx

xe

x

2


Let u = x2    then du = 2x dx
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Useful for trigonometric integral is the substitution:
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Integration By Parts
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Applications Of Integration

1) Area
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The mean-value of f(x) over the interval a to b, is given by:
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i.e. 
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Deviation of f(x) from 
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 is measured by the root mean squared (rms).
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Both graphs have the same
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, however:
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Finally we can also make measurements using polar coordinates.



 



The area under the curve r
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The area of the wedge below is given by:
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e.g.

Area of a semi-circle with radius a





          -a                         a          

Or in polar form r = a
Area = 
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2) Path Length
Path length is the length of the curve y(x) between points a and b:




               a               b

Extracting an infinitesimally small triangle
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Or in polar form
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Path length can also be measured in parametric form.

Given time dependence of coordinates x(t) and y(t) of a moving body. What is the total distance travelled between t1 and t2?

ds2 = dx2 + dy2 = 
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    Notice the integrand is the modulus of the velocity vector, speed.

e.g. Path length of a quarter circle:


      a


                          a

In Cartesian form:
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With y’ = 
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In polar form:


[image: image62.wmf]a

L

a

d

L

d

dr

r

d

L

2

0

)

(

2

0

2

2

2

0

2

2

p

q

q

q

p

p

=

+

=

+

=

ò

ò



With r = a

 e.g. Find the path length of 
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Centre Of Mass

Discrete Systems

If a system of N masses labelled i=1,2,3 at positions xi, yi, zi, with masses mi, then the centre of gravity is:


                             m1
      m2
                  m3
     m4
                          m5
Continuous System (In 2D)
Assuming that 
Density = 
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The system is uniform / homogeneous


        a    b

Splitting into strips of width 
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The centre of mass of each strip is at (x,½y(x)).

Its mass 
[image: image69.wmf]x

y

m

d

r

d

=


Thus total mass 
[image: image70.wmf]ò

=

b

a

ydx

M

r


                            Density x Area

The analogue of 
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 for a continuous system is given by:
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Similarly for 
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 (recalling centre of mass of the strips is at
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e.g. What is the centre of mass of a uniform of half disc of radius a.




-a                     a


[image: image77.wmf]2

2

2

2

2

x

a

y

a

y

x

-

=

=

+


By symmetry
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Calculation Of Centre Of Mass For 1D Systems
e.g. What is the centre of mass of a uniform a semi-circular wire (i.e. a coat hanger).


-a


Radius a 




Mass m
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Splitting the curve into infinitesimally smalls arcs (not strips)
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(Location of arc length from x-axis).
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Volume And Surface Area Of Revolution
This occurs when one rotates y=f(x) about the x-axis.






The sections are circles, by making infinitesimally small





circles






Cross Section Area = 
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Surface Area of a slice is the perimeter . 
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Area under the curve between a and b, is:





Area = � EMBED Equation.3  ���
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Centre Of Mass = � EMBED Equation.3  ���





Where:





� EMBED Equation.3  ���    	and � EMBED Equation.3  ���








Page 1 of 13

_1256481886.unknown

_1256487303.unknown

_1256554323.unknown

_1256555181.unknown

_1256556216.unknown

_1256556304.unknown

_1256556861.unknown

_1256556972.unknown

_1256557172.unknown

_1256557173.unknown

_1256557039.unknown

_1256556909.unknown

_1256556410.unknown

_1256556838.unknown

_1256556334.unknown

_1256556269.unknown

_1256556292.unknown

_1256556233.unknown

_1256555509.unknown

_1256555667.unknown

_1256556050.unknown

_1256556197.unknown

_1256555524.unknown

_1256555225.unknown

_1256555445.unknown

_1256555198.unknown

_1256554702.unknown

_1256555060.unknown

_1256555154.unknown

_1256554755.unknown

_1256554571.unknown

_1256554665.unknown

_1256554406.unknown

_1256490132.unknown

_1256490620.unknown

_1256496282.unknown

_1256496338.unknown

_1256554110.unknown

_1256554225.unknown

_1256554061.unknown

_1256496301.unknown

_1256490798.unknown

_1256490811.unknown

_1256490775.unknown

_1256490383.unknown

_1256490571.unknown

_1256490194.unknown

_1256489619.unknown

_1256489756.unknown

_1256489842.unknown

_1256489633.unknown

_1256487506.unknown

_1256489581.unknown

_1256489541.unknown

_1256487493.unknown

_1256483373.unknown

_1256485916.unknown

_1256486414.unknown

_1256486930.unknown

_1256487293.unknown

_1256486732.unknown

_1256486819.unknown

_1256486866.unknown

_1256486776.unknown

_1256486560.unknown

_1256486280.unknown

_1256486394.unknown

_1256486218.unknown

_1256485773.unknown

_1256485797.unknown

_1256485848.unknown

_1256485784.unknown

_1256483499.unknown

_1256485761.unknown

_1256483489.unknown

_1256482923.unknown

_1256483049.unknown

_1256483072.unknown

_1256483026.unknown

_1256482494.unknown

_1256482554.unknown

_1256482359.unknown

_1256482293.unknown

_1256407490.unknown

_1256480616.unknown

_1256481369.unknown

_1256481601.unknown

_1256481836.unknown

_1256481483.unknown

_1256481111.unknown

_1256481280.unknown

_1256480826.unknown

_1256480936.unknown

_1256480025.unknown

_1256480459.unknown

_1256480535.unknown

_1256480180.unknown

_1256408047.unknown

_1256408616.unknown

_1256407699.unknown

_1256406311.unknown

_1256407050.unknown

_1256407168.unknown

_1256407251.unknown

_1256407089.unknown

_1256406419.unknown

_1256406907.unknown

_1256406344.unknown

_1255960162.unknown

_1255960406.unknown

_1255960662.unknown

_1255960369.unknown

_1255960093.unknown

_1255960119.unknown

_1255960068.unknown

_1255959903.unknown

