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1. Consider the following circuit diagram representing a DC gencrator. Here

ey : applied field voltage
17 : fleld current
Ry : field coil resistance
Ly field coil inductance
: generated voltage

i, : armature current

R, : armature resistance
L, : armature inductance
Ry : load resistance.

It is assumed that the angular velocity of the armature is constant so that the
generated voltage e, is proportional to the field current, e, = K1y,

(a) Write down the two differential equations relating the field and armatuve cur-
rents to the applied field voltage. [5]

(b) Derive a state-variable model in the standard form:
z(t) = Az(t)+ Bu(1),
y(t) = Cz(t).
Take the states to be the field and armature currents, the input to be the applied
field voltage and the output to be the load voltage ¢y, = i, By,

[10]

(c) Derive the transfer function between the applied ficld voltage ¢; and the load
voltage eg. (5]

Page 1 of 5 Paper ISE2.9



2. 'The figure below depicts a feedback control system with

k

O = GTDe+2

where k is a design parameter. Design a stabilising compensator of the form
1

s—p

K(s) =

as follows:

(a) Choose p so that when r(2) is a unit step,
r(t)=1, t20,
applied at t = 0, the steady-state error must satisfy
411,‘2 e(t) = 0.
[4]

(b) Find the range of values of k such that the closed-loop is stable. [5]

(¢) Find the value of k > 0 such that the closed-loop system is marginally stable.
Vor this value of k, show that —3 is a closed-loop pole. When r(t) = 0, the
closed-loop system is observed to oscillate. Find the frequency of this oscillation.

(4]

(d) VFind the minimum value of k such that when r(t) is a unit ramp,

)=t 20,

applicd at t = 0, the steady-slate error must satisfy

}32) et) < 1.
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3. Consider the feedback control system shown in the figure below. Here,
oy 1
Gls) = s(s +2)

and I(s) is the transfer function of the compensator.

(a) Ior A'(s) = k, a constant compensator, draw the root locus accurately as k&
varies in the range 0 < k < oo. [5]

(b) Design a phase lead compensator A'(s) to satisfy the following design specifica-
tions:

i. The closed-loop is stable.
ii. The two dominant poles have damping ratio ¢ = .707 and settling time of 2s.

iii. The response due to the third pole decays at lcast as fast as e ™',

Draw a rough sketch of the root locus of the compensated system. [12]
(¢) For the compensated system in Part (b}, cvaluate the steady state error

e = Jim [(t) = y(1)]

when 7(¢) 1s a unit step reference signal applied at ¢ = 0. 13]
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4. Consider the feedback control system in the figure below. Iere,
_ 1
T (s+ 1)

G(s)
and K (s) is the transfer function of a feedforward compensator.

(a) Sketch the Nyquist diagram of (/(s), clearly indicating the low and high fre-
quency portions, as well as the real-axis intercepts. 7]

(b) Set I(s) = K, a constant compensator. Give the number of unstable closed-
loop poles for all (positive and negative) A

(¢c) Take K = 1. Determine the gain margin.

6]

(d) Without doing any actual design, briefly describe how a phase-lag compensator,

1+ . .
Koy b ESl g s
1+ s/w,
would improve the steady-state tracking properties withount deteriorating the
stability margins. 7
r(s) y(s)
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5. The figure below depicts a position control system with velocity feedback. Here,

and A, and K, are design parameters.

(a) Evaluate the transfer function from r{t) to y(t) and from r(t) to e(t).

4

(b) Find the values of K, and K, so that the following design specifications are
satisfied:

i. The closed-loop system must be stable.
ii. Both closed-loop poles are placed at —2.

Draw the resulting root locus.
(12)

(¢) Suppose that r(s) = :15 Find the steady state error

Cos = ‘]_11(1)10 463}

(4]
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SOLUTIONS (TISE2.9, Contro! Systems, 2001)

(a) The equation for the field cireuit is

. di
) = Ryig) + L= f,; )
and the equation for the armature circuit is
- di(1)
Nyt g(1) = (14 R0 + L o

since ¢, (1) — Wyepl).

(h) Loty (1) = ig(Doaa(1) = ialt) ult) = cp() and y(t) = Itria(1). Then the above

cqations can he writlen as

. ” |

i o= ,4/1,(/) +—u(l)
L,

. K, R+ I,

Fall) ﬁ"'(”’*ﬁ" Ly

and y(1) = Rpea(). nmatrix form, this hecomes
a(l) I '|[/ |I7
[-i'z(/)} = [ IILL ”,ﬂ‘} 0/ w(i)
) = [ 0 It [ ]

(¢} ‘Taking the Laplace transform ol the first equation in part (a):

crls)
el

ls) =

The Laplace transfornn of the second equation then gives the required (ransfer
lunetion as

Ryias) _ Rk,
P R S S SR TU TR
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(a) After some block diagram manipulations.

os) I
rs) 14 N ()

[
GINGA2)

Using the final value theorem of the Laplace transform,

o= Jim ) = i sels) =l —

> =l 5= 1+ I\'(.\)

= lim ———

s I\'(.\)(.‘ T2

since r{x) = /s For zero steady-state error, we set N (s) = 1/s vesulting ina
type | system, provided ks chosen so that the closed-loop systen s stable.

(hy Taking K(s) = 1/s, gives the characteristic equation as
ke

f =SR2 =0
P *

The Ronth array is then

lor stability, we require no sign changes in the first colnmi Thus the closed:
loop will be stable for O < & < 6.
(¢) From Part (b). the closed-loop system is marginally stable when b = 6. ‘The
characteristic equation beconies.
Spdst e 6= 0
1 is then casy Lo confirm that =3 is a oot of this equation. To {ind the fre-
aqueney of the oscillations, we find the other roots by dividing the characteristic
polytnomial by s +3:
B p2s 46 = (s 4 D+ 2).

Thus the other poles are at +7V2 indicating that the frequency of the oscilla
tious is w = /2 rad /second.
() When #{s) = 1/s% (unit ramp). we have
. |
(o = I — ———— — = 2/k.

sy :

—_h
(s+D(=x+2)

Therelore, the minimmm vahie of & 5o that cq < s I3
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(a)

(h)

()

he plot is shown helow.

Sinee ¢ = 0.707 and the sottling time 7y = 4/, = 25, it follows that Cw, =
2 50 the required closed-loop dominant pole locations are 2+
nsler function be A(s) = k(s 2 (s—p).

as ~Vowe

Let the compensator t

To ensre the response due Lo the third pole decays at least as
3. Phe location of the compensator pole p
angle hetween the required pole (=24 j2)

place the compensator zero al
ean be oblained as follows. Let th
and p be 0. Applying the anple criterion:

@340 — (900 + 1357 4+ 0) = £180°

or 0= 18.3°. Thus p= —8. Vinally. k can he found from the magnitude criterion

ko= [s(s 4 2)(s + 8)/(s +3)

wmmnpiz = 10

Let e{1) = r(1)= y(4). Thenc(s) = ris)/[1 4 K (5)((s)] and since the elosed-loop

systen is stable, the final valne theorem gives
o = lime{l) = limsc(s) =0
o o]
since p(s) = 1w and T Gl R () = oo
s—=0
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1.

(a)

(b)

(c)

()

The Nygnist plot, together with the unit civele centred on the origin is shown
s intercepts can be found by setting the imaginary part
s and so Gljw) =

helow. ‘The real-as
of (I jw) to zero. This gives intercepls at wi = 0, +V3
[ 0,125, —0.125,0.

The number of unstable closed-loop poles associated with gain A can be deter-
mined by the number of encirclements by /(%) of the point 7*. Thus

0<h<® = nounstable poles
k>8 == 2 unstable poles
—l<k<0

= o unstable poles
le< —1 == 1 unstable pole

Sinee the intercept with the negative real axis is at —0.125, the gain margin is 8.
The phase-lag compensator (with & = 1) hax gain elose to unity for frequencies
helow w, and gain close to “ o | for frequencies beyond wo. The phase is nega-
Live and large hetween these two frequencies but insignificant. below and above.
It follows that we can use phase-lag compensation to inerease low freguency
gain by setting & > 1 (henee fmproving tracking propertios) without introduc
ing phase lag at high frequency (which wonld reduce the phase margin) by
placing e, and wy in the “middle’ frequency range.
Nyquist Diagrams
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(a) ‘The feedback loop ean be redrawn as follows:

()

<t

((s) = () = (14 Kos) (W /s)e(s) = ofs) = ﬁ\T e

N, /s* B K, .
y(s) = TR, + ‘\1\7_“&)/.31 (x) = e m_m ; /\,,11 (=)
(h) The characteristic equation can he written as

SR,
|+ KA L/\ 0.

sV /Ry . . .
‘,Iz—\‘ must therefore have a break point at =2 Lo

The rool. locns of (i(s) =
2 =080 A, == L To placet he

satisfy the design specilications. Thus 516G (9)],=
closed loop poles at —2, we use the gain criterion:
s+ /K,

V+ NN, ; lizz =0

I'his gives K, =1 The root locus of the compensated system is shown helow.

T T T
1 N
e |
= )
AN

(¢} Sinee the closed-loop syxtent is stable, we nse the final value theoreny:

|
B = lim sc{s) = — =0.25
o = fim ) = iy sl = e =020

from parts (a) and (b).
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