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Section A

1. (i) We define the Fourier transform f(w) of a function f(t) as

fw) = [~ e,

Show that, if f is smooth and |tf(t)| — O sufficiently fast as t — too,

then the Fourier transforms of f/(t) and ¢f(t) are given by the formulae

—

FO(W) = wfw), i% fw) = tf(t) (w), respectively.

(ii) Show that ie_“’z/?“;u—} [e“’z/2af(w)] is the Fourier transform of 2f'(t) + tf(t).

Here a, > 0, is a constant.

(iii) Apply this result to find the Fourier Transform of f(t) = e™*’/2,

You will need to determine an arbitrary constant; do this by computing

~ o0
f(0) directly, using the fact that / e dy = NZ

— 00

(iv) What is / coswt e~ /24t ?

— o0

PLEASE TURN OVER
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2. (i) Take the Laplace transform of

t
y(t) = e + / y(u)du, t>0, (*)
0
to find the solution y(t).

(ii) Differentiate the above equation (x) once to find the differential equation sat-
isfied by y. What is y(0)?

(u,w)

(iii) Show that / (2ar:ye352 +1)dz + exzdy is independent of the path of

(0,0)
integration, running from (0, 0) to (u, v). Choose a suitable path and integrate

along it to evaluate the integral.

(iv) Determine a function ®(z, y) such that

g—i’ = 2.7:ye””2 + 1,
.
oy ’

3. (i) By switching to polar coordinates, show that

(ii) Sketch the region in the zy-plane over which the integral

1 y2/3 ez
— dzxd
/o /y vz

is taken, and hence reverse the order of integration.

(iii) Evaluate the integral.

PLEASE TURN OVER
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iz

(i) At what points z does f(z) = E+)Z+4)

have poles, and what are their

residues?

(ii) By integrating f(2) around a large semicircle (centred at the origin) in the

upper half plane I'm z > 0, show that

oo CcCoST T
dr = —(2¢—-1).
/_oo Fr 0 T T g2l

PLEASE TURN OVER
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1. A stochastic search algorithm is implemented so that it will attempt for up to 1
minute to match a search term. After one minute, if it has been unsuccessful, a 'no
match’ is returned. The length of time, in minutes, taken by the algorithm to match
a term is a continuous random variable X with probability density function

flz) = ex?+z, 0O0<z<1,

=0 elsewhere.

(i) Find the value of the constant c.
(ii) Find the cumulative distribution function of X.

(iii) What is the probability that the algorithm returns a result in less than 30
seconds?

(iv) Given that the search takes more than 15 seconds, what is the probability that
it takes more than thirty seconds?

Two hundred independent searches are conducted. Let Y be a random variable that
denotes the number of searches that return a result within 10 seconds.

(v) What distribution is an appropriate model for Y'?

(vi) What is the probability that at most 2 matches are completed within 10 sec-
onds?

PLEASE TURN OVER
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2. (i) The discrete random variable X has a distribution given by

f(=)

DO | =
[l lae
[y
N
[
(2]

Compute E(X) and var (X).

(ii) In computer interface design, it is known that 70% of females react positively
to a given stimulus, whereas only 40% of males react positively to the same
stimulus. In an experiment, 20 people, 15 female and 5 male, were exposed
to the stimulus. They then completed a questionnaire describing whether they
felt positive or negative about the stimulus.

(a) What is the probability of a positive reaction?

(b) A questionnaire picked at random from the 20 was positive. What is the
probability that this questionnaire was completed by a male?

(c) Now suppose that the probability of a female responding positively is p,
and the probability of a male responding positively is ». An expert in
interface design states that, for the same experimental group of 20 people,
the probability of a positive response is 0.2 and the probability of a female
responding positively is one and a half times the probability of a male
responding positively. In this case, what is the probability of a negative
response by a female?

END OF PAPER
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