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Section A
1. (i) The Fourier transform of f(t) is given by

flw) = S(t)e .

Show that the Fourier transform of f(—t) is f(~w).
Now let ,
—a >
= {77 i
where a is a positive constant, and

g(t) = ¢ forallt.

1
a+iw’
Hence, or otherwise, show that the Fourier transform of g(t) is

Show that the Fourier transform of f(t) is

et
cosw
14 w?

Using g(w), deduce the value of/ dw.
0

(i

Find the function h(t) whose Fourier transform is

: I
h@) = GrioeTe

by using partial fractions.

Check your answer by using the convolution property.

You may assume
1o
(@) f(1) = — / F(w)et du,
2% )
(b) the convolution property that if F/(t) and G/(t) have Fourier transforms

-~ ~ 00 ~
F(w) and G (w) then / F(u) G(t — ) du has Fourier transform F'(w) G(w).
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Use Laplace transforms to find the function f(t), defined for ¢ > 0, which
satisfies
Sty = 6t — 4 / (t —u)udu fort>0.

Prove that
I = / Sutyt 4 yetV)de + (22% + z e + meos(my)) dy
(;{( 1 y ) (22% () ./}
is path-independent, i.e. depends only on the starting and finishing points of
the path (" in the zy plane.

Find a suitable potential function and hence evaluate I in the case where C'
starts at (0, 0) and finishes at (1, 2).

Check your last answer by finding a suitable parameterisation when C'is the
straight line segment leading from (0, 0) to (1, 2) and evaluating I using this
parameterisation.

Make a sketch of the region in the zy plane, over which the following integral
is taken: , |

/ da / z(1+3y%) 2 dy.

0 >

Using this sketch as necessary, change the order of integration and hence eval-
uate this integral.

Using polar coordinates, show that

2ay dzd 23/2
// (x2 +y?) )72 T

where A is the region in the zy plane, which lies above the line y = and inside
the circle centre (1, 0) and radius 1.
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Let

1
Z) = -
16 = @
Show that the residues of f(z) at its poles at z = i and z = 21 are respectively &
1

| 6
and ——.

121
Consider the closed path €' = €y + Cy in the complex plane, where €} leads along

the real axis from — I to +12 and Cy is the upper semicircular path leading from
4R to —R. Assume that I > 2.

Prove that

Hence find

PLEASE TURN OVER




Section B [ISE 2.6 2001]
1. A company houses its computer server in a machine room cooled by an air-conditioning
system. The air-conditioning system breaks down if a certain component fails.

L .
‘The probability that this component lasts longer than ¢ hours is ¢, where 1 is a

constant.
(i) Derive expressions for
(a) the probability density function (pdf) for the lifetime of the component (in

hours);

(b) the hazard function.
(ii)  Show that the mean lifetime is y.

Suppose the mean lifetime = 1500 hours.

(iii) What is the probability that the component will last more than twice the mean
lifetime?

(iv) If the component is still functioning after 1500 hours, what is the probability
it will last another 1500 hours?

The maintenance contract for the air-conditioning system provides a free repair
service if the system breaks down within 1500 hours of the last breakdown. If the
system breaks down after 1500 hours, there is a £200 call out charge. If the air-
conditioning is still functioning after 1500 hours, the computer manager decides that
it is more economical to replace the existing component with a new one (which only
costs £50) in the belief that this will reduce the risk of the system failing and hence
incurring the £200 call out charge.

(v) Suppose that the first component functions for 1500 hours and is then replaced
by a new component. What is the probability that the air-conditioner is still func-
tioning after 3000 hours (assume the air-conditioner functions so long as it is fitted
with a functioning component)?

(vi) Comment on the appropriateness of the system manager’s strategy in the light

of your answers to (iv) and (v), and with reference to the hazard function in (i)(b).

The manufacturer brings out an upgraded model of the air-conditioner which has
two components connected in parallel. The air-conditioner works if at least one of
the components operates.

(vii) How much better is the reliability of the new system after 3000 hours compared
to the old system (assume that the components used in the new system operate
independently and are of the same type as used in the old system)?

PLEASE TURN OVER




[ISE 2.6 2001]

2. A company mass-produces electrical circuit boards with a nominal resistance of
10 ohm. The company’s quality control procedure involves randomly selecting 24
circuit boards from the current batch (which comprises a large number of boards)
on the production line and testing the actual resistance of cach board. The batch is
accepted if fewer than 2 circuit boards in the sample are found to have a resistance
less than 7.5 ohm; otherwise the batch is rejected and the production line equipment
is checked for faults.

Let 7 denote the probability that any given circuit board has resistance less then
7.5 ohm.

(i) Write down an expression for the probability, as a function of 7, that the batch
is rejected.

An alternative quality control procedure is proposed in which a random sample of 12
circuit boards from the current production batch is selected and tested. The batch
is accepted if all 12 boards have resistance of at least 7.5 ohm; the batch is rejected if
2 or more boards have resistance less than 7.5 ohm; if 1 of the boards has resistance
less than 7.5 ohm, a second sample of 12 boards is randomly selected from the same
batch. If this
then the batch is rejected.

mple also contains at least 1 board with resistance less than 7.5 ohm

(i) Taking = = 0.06, calculate the probability that:

(a) the second sample of 12 boards is needed;

(b) the batch is rejected.

(iii) The company produces a large number of batches per week and decides to
adopt the second quality control scheme to test each batch. What is the average
number of circuit boards the company can expect to sample per batch?

The manufacturer decides to change the way the circuit boards are produced. In
cach circuit board the nominal resistance of 10 ohm is now obtained by connecting
in series two resistors each nominally 5 ohm, each operating independently. The true

resistance of the resistors can be approximated by a normal distribution with mean

i =5 ohm and standard deviation ¢ = 1.3 ohm.

(iv)  What is the distribution of the combined resistances of two resistors connected
in series?

(v)  Evaluate 7, the probability that the combined resistance of two resistors ina
given circuit board is less than 7.5 ohm.
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(d)
R(3000)
Pt > 3000[t > 1500) = = 0.3679
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ORP(1 > 3000}t > 1500) = R(1500) = 0.3679 (by memoryless progerty)
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(e) Bl cro
R(1500) = ¢ #% = 7' = 03679 —l_
(f) If the original component is still functioning after 1500 hours, then

the probability of the air-conditioner subsequently breaking down
are not affected by whether the original component is retained
or replaced by a new one. This is because the hazard function 3
for cach component is constant and so the hazard (risk of failure)
doesn’t depend on how long the component has already operated
for (i.c. it is memoryless). The system manager’s strategy is

therefore a false economy.

Let C) denote event that component 1 fails before 3000 hours
Let Cy denote event that component 2 fails before 3000 hours
Let A denote event that air-conditioner fails before 3000 hours
So A denotes event that air-conditioner still functions after 3000

hours 3
P(A P(C NGy = (1—0.1353)% = 0.7477

P 1—0.7477 = 0.2523

So reliability at 3000 hours has increased by nearly 12% from

13.53% to 25
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2. (a) Let 7 be number of circuit boards with resistance < 7.5 ohm.
Number of circuit boards with a resistance < 7.5 ohm in a ran-
dom sample of 24 has binomial(24, ) distribution.

P(batch rejected) = 1 — P(batch accepted)
= 1-(Pr=0+Pr=1)
1

24
- (M)
OR
P(batch rejected) = 1— ((1—m)> +24nm(1 — )%
= 1-(1-m)%(1+23n)

(b) (i) P(2nd sample needed) = P(lst sample contains 1 defective
board) = 12 x 0.06(1 — 0.06)!! = 0.3645
(ii) Batch is rejected if either the 1st sample contains 2 or more
defective boards or the second sample is needed and contains
at least 1 defective board.

1
P(r >2insamplel) = 1-7) (12) 0.06%(1 — 0.06)!27=
T

z=0
= 1-0.8405 = 0.1595
P(r > linsample2) = 1—(1—006)"

= 1-0.4759 = 0.5241
P(batch rejected) = 0.1595 + 0.3645 x 0.5241 = 0.3505

(¢) Probability of needing second sample is 0.3645, so quality control
process uses samples of size 12 with probability 1 — 0.3645 =
0.6355 and samples of size 24 with probability 0.3645. Average
sample size is therefore 12 x 0.6355 + 24 x 0.3645 = 16.37.

(d) Let Y be a random variable denoting the combined resistance of
two resistors connected in series. Then Y is normally distributed
with mean 545 = 10 ohm and standard deviation v1.32 +1.32 =
1.838.

—1 5
n = I’(Y<7.5):P(y 0 75 10)

Tess 1838

Y10 , v

- P( e < ~1.:;o> — B(—1.36) = 1 - (1.36) = 1 - 0.9131
= 0.0869
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