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Section A

1. The Fourier transform of f(t) is given by

jy = [ 1ear.

Show that, if f(t) is a real-valued and even function of ¢, then the Fourier transform
f{(w) is real-valued for all real w.

Now let
gty = el for all ¢,
1 for 1<t <L,
and h(t} = { 0 for all other values of ¢.

Show that h(w) = 2?.

2
Assume that the Fourier transform of g(t) is  §(w) = T
" . . 1 sint
Find the Fourier transforms of the functions ey and 7

By considering a suitable convolution, show that

%y osinu L4
/ e —du = -
u

00 int 2
Find ( Qi\ dt
AN

You may assume also

(a) if f(t) has Foutier transform f(w), then f(t) has Fourier transform 2 f(—w),
B S0 = k[ f@) et e,

() if f(t) and g(t) have Fourier transforms f(w) and §(w) reipectively, then
the convolution [%_ f(t — u)g(u)du has Fourier transform f(w) §(w),

(d) Parseval’s Formula 1% |f(®)Pdt = 5‘; %% |f(w)|2‘l“’-



[ISE 2.6 2000]
2. (i) By using Laplace transforms, find the function g () which satisfies the equa-
tion .
g(t) =s‘mt+2/ g(t—u) cosudu fort>0.
0

(i) (a) By choosing a suitable parameterisation z(t), y(t) for the straight line
segment C leading from (0,0) to (2, 1) in the zy plane, evaluate the
path integral

I = / (2 + ye™) de + (ze® — 3y%) dy.
c

(b) Assuming that a suitable potential function exists, check your answer to
part (a) by finding this potential function.

3. (i) Make a careful sketch of the region of the zy plane over which the integral

1 1/
/ dy / Y z e " dr
[ 1

is taken. Change the order of integration, using your sketch as necessary, and
hence evaluate the integral.

(i) Sketch carefully the region of the zy plane over which the integral

1 T z
d/ g
/rm”

1
is taken. Use polar coordinates to show that the value of this integral is m .
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4. Let 1
&) = z77-

Show that the residues of f(z) at its poles at z = e"/4 and z = e"/4 are

l(_i__z_) and 1 (-1———1—) respectivel
i) MG e

Suppose that R > 1 and consider the path C' = Cy + C; in the complex plane,
where €1 leads from —R to +R along the real axis and C; s the upper
semi-circular path from +R to —R.

Prove that .
/C )iz = .
Prove that R
| /c , f(2)dz| < Rf——I

Hence, by considering also the limits as B — +oco of /c f(2)dz and ./c f(2)dz,
deduce that ' :

/m 1 -
e 1 V2
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1. Following the installation of a particular software package, an initial diagnostic in-
stallation test is performed; this test fails if it discovers installation errors and passes
otherwise. If the test is failed the installation is rejected. If there are no installation
errors the test is always passed. If there are installation errors the test discovers
them 80% of the time. It is known that 1 in 10 installations will have installation
errors.

Determine the probability that
(i} an installation is rejected;

(IT) there are errors present in an installation which has passed the test.

If the initial test is passed a further independent test is performed; this test has
exactly the same properties as the initial test, except that if there are installation
errors it discovers them 99% of the time. If this test is failed the installation is
rejected, otherwise it is accepted.

i) Determine the probability that an installation with errors is accepted.
The times, Ty and T; (in minutes) taken to run the first and second tests are normally
distributed with means, 10 and 50, and variances, 2 and 10, respectively.

(iv) Determine the distribution of the total testing times for the two cases of the
first test being passed or failed.

(v) Determine the probability that the overall testing time is greater than 1 hour.
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2. The lifetime, T, of a component, in hours, has probability density function

Ate™™ >0
fty=

0 otherwise .

(i) Determine the reliability function, and show that the hazard function is given
by
2%t
t)=—F .
M=%
(ii) A system is made up of n such components, operating independently, which
operates if at least r components are operating.

(a) Determine an expression for the system reliability at 1 hour.

(b) If A= 0.4 and r = n, what is the largest number of components that may
be installed if the system reliability at 1 hour is required to be at least 0.5.

{c) If A= 0.4 and r = n — 1, determine the system reliability at 1 hour when
the system is made up of the number of components calculated in part (b).

Comment briefly on the reliability change under these less stringent re-
quirements.

END OF PAPER
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