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Section A
1. We define the Fourier transform f(w) of a function f(t) as
—~ oC .
fwy = [ swyetar.

If f issmooth and |f(t)| — 0 sufficiently fast as ¢ — Foo, show
that one can evaluate the Fourier transforms of f'(t), f”(t), tf(t) and

tf'(t) in the following forms :

@) F) W) = aw) fw);

— o~

(i) f(t)(w) = az(w) f(w);

-~

(1) tFD) = astw) 22
) tFOW) = —Fw) + mlw) T2

Find ay, as, as, a4, which may be constants or functions of w.

(v) Find the Fourier transform of

et cosbt

where a > 0.

PLEASE TURN OVER
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(i) Take the Laplace transform of
t
y(t) = sint + [ y(u) du , t>0
0
and hence find the solution y(t).

What is (0) ?

(ii) Show that

(u,v) 23
/ (z’y + cosz)dz + — dy
(0,0) 3

is independent of integration path from (0, 0) to (u, v) .

Choose a suitable path and integrate along it to evaluate the integral.

(iii) Determine a function @ (z, y) such that

od 5

— = Iy + coszt,
dr

ad _ z3

dy 3

(iv) What is the value of the integral in (ii) in terms of & ?
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3. (i) By switching to polar coordinates, show that
o (=2} 2 ;
] ] sech? (22 + y?) dzdy = =.
—0a J—o0
You may use

d il
— tanhu = F— = sech?y .
du cosh” u

(ii) Sketch the region in the z —y plane, over which the integral

U r®? cosa
COBT e dy
hds I

is taken. Hence, give the correct form of the integral if the order of
integration is reversed.

(iii) Evaluate the resulting integral in (ii).

4. The Fourier transform of f(z) = Ii’_;_—;;ﬁ
ORI~ Tt S
. o T24+2x+2 ’ .

Evaluate this integral using the semicircle method. The semicircle in-
cludes the real axis and is closed in the lower-half of the complex plane.

Justify why the integral along the semicircular part may be neglected in
the limit of infinite radius.

PLEASE TURN OVER
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5. A particular application accesses two computer files which are downloaded
sequentially. The downloading times, T7 and 75, of the two files are
modelled as independent normal random variables with means p; and
p2 and known standard deviations ¢; = 0.3 and o2 = 0.4 respectively.
The total downloading time is given by T =T} + Ts.

(1) Initially it is assumed that p; — 2 seconds and ps — 3 scconds.
Find:

(a) P(T1 > 2.6);
(b) P(T> > 4).

(ii) To assess the accuracy of the reported means, a sample of 50 down-
loading times is measured for each file giving sample means of 2.01
and 3.97 for 77 and T» respectively.

(a) Find 95% confidence intervals for p; and ps .

(b) Comment on these confidence intervals in light of the initial
assumptions in part (i).

(c) What is the distribution of the total downloading time T ?

(d) Determine a 95% confidence interval for the mean total down-
loading time.

(e) Under the assumptions in part (i) determine the probability that
the sample mean total downloading time is greater than the
value obtained for the upper bound of the confidence interval
calculated in part (ii)(d).

Comment on your result.

o
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6. A particular component is obtained from sources A or B, with 90% chance
of being obtained from source A and the remaining 10% chance from
source B. The lifetimes, T4 and T of components of type A and B in
hours, have probability density function

f) = A 450,

with A = 0.2 and A = 0.5 for components from sources A and B respec-
tively.

(i) (a) Determine the reliability functions and hazard rates associated
with T4 and Tg.

(b) Determine the reliability of cach type of component at 2 hours.

(c) Determine the reliability of a randomly selected component at
2 hours.

(d) Given that a component is still operating at 2 hours, what is the
probability that it was obtained from A7

(ii) A system is made up using components, A;, Az, A3 from source A
and Bi, Bg, B3 from source B. The system functions if there is a
path of non-defective components between S and T'.

—{.

LA — Ay — Az

(a) Assuming that the lifetimes of all components are independent,
determine the reliability of the system at 2 hours.

(b) Suppose the parallel components B; and B are replaced
by a single component obtained from source A. Show that this
change does not decrease the reliability of the system at 2 hours.

END OF PAPER
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(1) (a)
T, ~ N(2,03%) = Z= Tlogz ~ N(0,1)
P(T,>26) = P (Z > 2'%;2)
= P(Z>2)=1-&(2) =1-0.977=0.023.
(b)

T, -3

Ty, ~ N(3,042) = Z= ~ N(0,1)

4-3
P(T,>4) = P(Z>—6T)

= P(Z>25)=1-(25)=1—0.994 = 0.006.

(i) (a) Let #; be the sample mean for file 1. The 95% confidence
interval for y; is

: o o1 0.3
t1 —1.96—,t; + 1.96—= = [(2.01+196—
(1 V't «/ﬁ) ( \/50)

= (2.01-0.083,2.01 — 0.083)
= (1.927,2.093)

Let £, be the sample mean for file 2. The 95% confidence
interval for ug is

s Og — o)) 0.4

1o —1.96—, 13 + 1.96— = (3.97+1.96—

(2 Wi ﬁ) ( m)
= (3.97-0.111,3.97 + 0.111)
= (3.859,4.081)

(b) The CI for pu,; agrees with the assumed value in part (i),
while the CI for p, does not contain the value 3 - the data
do not support this value.

(=] [=]
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T = T +T5
ET) = p=p+pe

var(T) = 0.3% +0.4% = 0.5%
=T ~ N(,Lb] +p,2,0.52)

(d) The 95% confidence interval for p is

0.5 0.5
2.01 +3.97 — 1.96——, 2.01 +3.97 + 1.96——
( /50 \/50)

= (5.98 —0.1386,5.98 + 0.1386)
(5.841, 6.119)

(e) Under the assumption in part (i)

= 0.5

6.119 -5
P(T>6119) = P|Z> ——
=BT ) ( 0.5/\/50)

= 1-9(15.8) =1

this does not agree with the CI in part (ii)(d), the recorded
downloading times cast doubt on the assumed values.

Setter's initials Checker’s initials

e

Page number




EXAMINATION QUESTIONS/SOLUTIONS 2005-06 | Course
Sec B
Question
Marks &
seen/unseen
Parts
1) (a)
R(t) = /t T e ds = [—e""’]: = g
@ Ae™X
h(t) = R~ e - A. vy
For T'y: T
Ri() =¥ hi(t) =02 =
For T’g: T
Rp(t) = e %% hp(t) =0.5. =
(b) —
R4(2) =e %4 =0670; Rp(2)=e"'=0.368.
(c)
P(T>2) = P(T>2|A)P(A)+P(T>2|B)P(B)
= 0.670 x 0.9+ 0.368 x 0.1 = 0.640.
(d)
P(T'>2|A)P(A)
PA|T >2) = BT > 2)
0.670 x 0.9
= Q060 - 0.942.

(ii) (a) Let T be the lifetime of the system
P(T>2) = Rp(2)(1-(1- Rs(2)*(1 - Ra(2)*))
= 0.368(1 — (1 — 0.368)%(1 — 0.670%)) = 0.265.

(b) If B; and B, were replaced with a single component of type
A then

PT>2) = Rp(2) (1~ (1- R#)(1 - Ra2)")
= 0.368(1 — (1 — 0.670)(1 — 0.670%)) = 0.283.

So, B; and B, can be replaced without decreasing the re-
liability.
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