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Section A

1. If the Fourier transform of f(t), — oo <t < oo, is given by
fwy = [ swetar,

show that the Fourier transform of f(—t) is f(—w) and that of tf(t)
ood o
is - fw).

If for a positive constant a

o = {57 )
h(t) el o<t <o,
and
k() = |tle | — oo <t < o0,
find g(w).

Hence, or otherwise, show that

- 2a - 2(a? — w?)
h = — and klw) = ————— .
() a? + w? n () (a? + w?)2
. . . 2a
Find the Fourier Transform of the function —_—
a? + t2
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The Laplace transform F(p) of a function y(t) is

7(p) = /Oooe_pty(t)dt-

Show that, assuming y(t) behaves suitably at infinity, the Laplace
transforms of

QU

dy 2y
") = = d ' (t) = —

are given respectively by
L{y'} = py(p) — y(0)

and

c{y"} = p*ylp) — ¥'(0) — py(0).

Hence solve the differential equation

d*y dy
22 3% 4oy = gt
T o T W g(t)

for an arbitrary function g(t), for ¢ > 0, given y(0) = %/(0) = 0.

Evaluate [,(Pdz+ Qdy) anti-clockwise around the boundary of

the region R defined by

taking
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3. (i) Sketch the region of the zy-plane over which the integral

1 1 )
/ dx / 4ze¥dy
0 x?

is taken.  Change the order of integration and hence evaluate the
integral.

(ii) Sketch the region of the zy-plane over which the integral

1 V2xr—x? Yy
/ dx / PO
0 T ety

is taken.

1
Use polar co-ordinates to show that the value of the integral is >

1
4. Find all the poles of o and the residue at each pole.
z
For R >1 let Cy be the upper semi-circular arc of |z| = R,

directed from +R to —R and let Cy be the diameter from —R to R.

If C isthe semi-circular path C; + Cq, calculate

/ dz
c28+1°

By a careful discussion of the limit as R — —oo show that

/°° dx B 2
b +1 3

PLEASE TURN OVER
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5. A batch of IC chips contains 0.5% defectives. Each IC chip is subjected
to a test, which gives a positive result if it identifies a chip as defective.
The test correctly identifies a chip as defective with probability 0.99. The
test misidentifies as defective 2 in every 100 chips. Let D denote the event
that an IC chip is defective and T the event that the test identifies a chip
as defective.

(i) What is the probability that the test is positive when applied to a
randomly-selected chip ?

(ii) Given that a randomly-chosen IC chip is declared defective by the
tester, compute the probability that it is actually defective.

Lifetimes (in million of hours) of IC chips are approximately normally

distributed with mean g and variance o2.

A mainframe manufacturer
requires that an IC chip should have a lifetime greater than 4 million

hours. He takes a sample of size n = 100, with lifetimes denoted by

100 100
(x1,..., Z100), and observes Z x; = 500, Z xf = 2508.9.
i=1 i=1

(iii) Write down expressions for the unbiased estimators for u and a2,
and compute the corresponding estimates given the data.

(iv) Using a large-sample approximation, obtain a 95% confidence inter-
val for p.

(v) Using the unbiased estimates of p and o?, evaluate the probability
that the lifetime of a randomly selected IC chip is greater than 4
million hours.

(Approximate your results to 2 decimal points).

PLEASE TURN OVER
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6. The random variable X has an Poisson distribution with probability mass
function

—A\ &
PXx=2) = 222 s -012...

x!

where A > 0.
(i) Show that F (X) = A.

In a manufacturing plant the number of accidents that occurs in a six-
month period is a Poisson random variable with mean 2. Assuming that
the rate of accidents in any six-month period is constant,

(i1) what is the expected number of accidents per year?

(iii) what is the probability that there will be no accident in a given
month ?

Suppose we have a random sample, X1, ..., Xy, of size N from a Poisson
distribution with mean g > 0.

(iv) Show (and verify) that the maximum likelihood estimator for p is

N
N X, _
- ==l = X

N

(v) Suppose that the following data are observed
4, 2, 3, 3, 2, 2, 2,0, 3, 2.
Find an estimate of p.

(vi) Express the expectation of the mean of the random sample

< XX
N

in terms of y, and write down the formula for the variance of X.

You may assume that the variance of a Poisson random variable is
equal to its mean u.

END OF PAPER
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1.

For the sample space, (2, the impossible event ), and events A, B, C:
PQ) = 1, P(®) = 0, P(A) = 1-P(A).

P(AUB) = P(A)+ P(B)-P(ANB).
P(AuBUC(C)
= P(A)+ P(B)+ P(C)-P(ANB)-P(BNC)-P(ANC)+ P(ANBNC).
NB
Conditional probability: P(A | B) = iﬁ(é—)——l provided that P(B) >0
The odds in favour of A is the ratio P( )/P(—)
Multiplication rule: P(ANB)=P(A|B)P(B).
Chain rule: P(ANBNC)=P(A)P(B|A)P(C|ANB).
P(A) P(B | A)

Bayes’ rule: P(A I B) =

P(A)P(B|A) + P(A)P(B|A)

Independence: Events A and B are independent if P(B | A) = P(B).

Events A, B, C are independent if P(ANBNC)= P(A)P(B)P(C),
P(ANnB) = P(A)P(B), P(BNC)=P(B)P(C), P(CNA)=P(C)P(A).

A discrete random variable X has the probability mass function {p,} = {P(X = z)}
The expectation: E(X)=pu=3%,zp,.

From random sample zy, ... ,z,, the sample mean T = (1/n) Y, 7 estimates E(X).
The variance: var(X) = o? = E{(X — p)?} = E(X?) - {E(X)}?, where E(X?) =
3, s

. 1 1 2 .
The sample variance: s? = —] {Zk z2 — - (2]- :rj) } estimates var (X).

The standard deviation: sd(X) = o = /var (X).
For grouped data: if the value y is observed with frequency n,, then

n=3,ny, Li%k=X,yny, LiTi =Zyy2ny-

. . 1 A . .
Estimated skewness is Z( k ) , estimated kurtosis i is —
n— 1. s

3 (27
k s
Binomial distribution: X is Binomial(n,0).

pl=(z> FF(1-0)"7 (z=0,1,2,...,n); p=nd, o>=nb(l-0).

Poisson distribution: X is Poisson()\).
Ae~?

(z=0,1,2,...) (withA>0); p=2Xi, c2=)\.

Pz = 1
X

Geometric distribution: X is Geometric(8) .

=(1-6)*"1 (£=1,2,3,...); ,u=%, o? =

1-6
62

© 2001 IC Statistics
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4. For continuous random variables, the cumulative distribution function (cdf)
T

Flz) = P(X <) = / f(z0)dzo

The probability density function (pdf) flz) = g—%i—)-
E(X) =/°° z f(z)dz, E(X2)=/o° 22 f(z)dz, var(X) = B(X?) - {E(X))?.

5. Uniform distribution: X is Uniform(a,f).

o) = 1/(B-a) (a<z<p), p=(a+p)/2,
o= 0 (otherwise). o? = (B - a)?/12.

Exponential distribution: X is Ezponential()).

_ Ae=*2 (0 <z < o), w=1/x,
=) = { 0 (0 <z <0). o2 =1/x2.

Gamma distribution: X is Gamma(v, ).

o {L/TW)} e~ te®  (0<z<o0), p=v/A,
Iz} = { 0 (-00 < z < 0). o =u/A2,

Normal distribution: X is N(u,0?).

f(w)=\/21r_a§exp{—-%(z;u)2} (~o<z<00); E(X)=up, var(X)=o?

Standard normal distribution: Y is N(0,1).
X -
If X is N(i,0?), then Y = =—£ is N(0,1).
For Y we write ¢(y) for the pdf f(y) and ®(y) for the cdf F(y)

6. The lifetime T of a device in continuous operation with pdf f(¢) (¢t >0):
The reliability at time t: R(t) = P(T >t).
The failure rate or hazard rate: h(t) = f(@)/R(t).
t
The hazard function: H(t) = / h(to)dts = -—In{R(¢)}
0

The Weibull distribution Weibull(q, B) has H(t) = Bte.

For a system of k devices, which operate independently:

The system reliability, R, is the probability of a path of operating devices.

Let R; = P(D;) = P(“device i operates™).

A system of devices in series fails if any device fails.
R=P(D\NDyN---NDy)=RiRy---Ry.

A system of devices in parallel operates if any device operates.
R=P(D1UDU---UDy) =1~ (1—-R)(1-Ry)---(1 - Ry).



IC STATISTICS FORMULA SHEET Page 3

7. The covariance of X and Y
cov(X,Y) = E{(X-EX))(Y-EY))} = EXY)- E(X)E(Y)

The estimate of cov (X,Y) from n pairs of observations (z1,11),..., (zn, yn) is
Szy = anl Sry where Spy =3, Ty — % (Xizi) (Zj yj)
The correlation coefficient: p =corr(X,Y) = ﬁ%
The sample correlation coefficient: r = —\/is%__——- estimates p,
zz0yy

where Spp = (n—1)sz5, Syy =(n —1)syy, and sz; and Syy are s? calculated from the zs
and ys respectively.

If X and Y have the joint pdf f(z,y):
[»e)

the marginal pdf for X is fx(z) = / f(z,y0) dyo
[0 ¢]

f(z,y)
fr(y)

o
The pdffor Z=X+Yis fz(z) = / fx(@) fypx(z—=z , z)dz
I=-0c

the conditional pdf for X given Y =y is fyy(zly) = provided fy(y) > 0

E(X+Y) = EX)+E(Y), var(X+Y) = var(X)+var(Y)+2cov(X,Y)
If X is N(p1,02), Y is N(u2,02), and cov (X,Y) = ¢, then X +Y is N(py+pa, 0?+03+2c)

8. Chi-squared distribution x: E(Z) =k, var(Z) = 2k
IfY1,...,Y, are independent N(0,1) then Z=Y2+ .-+ Y2 is x2.

For a random sample from N(u,0?), (n—1)s?/o? is from x2_,, and
V(T ~ p)/s is from t,_; , the Student t distribution on n — 1 degrees of freedom

9. [If t estimates 6, the standard error of ¢, se(t), is sd (T), the standard deviation of the
sampling distribution of ¢, and bias(t) = E(T - 6).

The mean square error: E{(T -6)?} = var(T) + {bias(¢)}?.
f T estimates 1, then bias(Z) = 0, se(Z) =o//n, & (%) = s/\/n, and MSE = ¢?/n.

The likelihood is the joint probability as a function of the unknown parameter 6.
€0 z1,72,...,2,) = P(Xy=m) - P(Xp = zn) (discrete distribution)
€0; zy,72,...,2n) = f(z1)f(z2) - fzn) (continuous distribution)

The maximum likelihood estimator (MLE) is § for which the likelihood is a maximum.
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10.

11.

If t estimates 6, a 95% confidence interval for 8 is an estimated interval that contains 95%
of the sampling distribution of 6.
Ifz),25,..., 2, are a random sample from N(u,s?) and o2 is known, then
the 95% CI for p is (Z — 1.960/+/n, T + 1.960//7).
If 02 is estimated, then from the table of th-1 we find ¢ = t,_10.05. Then
the 95% CI for p is (Z — tos/\/n, T + tos/v/n).
A significance test of Hy rejects Hy if, assuming that Hy is true, a test statistic is in a
rejection region of its sampling distribution.
The chi-squared goodness-of-fit test checks how well a fitted distribution fits the data:
The frequencies ny are grouped so that the fitted frequency 7, for every group exceeds about
5.
X? = ¥(ny — 7y)?/fy is referred to the table of x? with significance point p, where k is
the number of terms summed, less one for each constraint, eg matching total frequency, and
matching T with p.
To fit the linear regression model y = a+ 8z by § = &+ Br from observations
(r1 Y1), .., (Tn,ya), the least squares fit is a=75-z8, = Szy/Szz
S2
The residual sum of squares, RSS = S, - gﬂ
Ir
-5 RSS . n—2-.
ot = — 5 estimates o?; o?is x2_,
A e 1 (z-%2)%] -
The predictor §, =&+ fz of y when X =z is var(§;) = =+ 5 o?
n zT

& -« B-=B fe—ca-Pz
(@’ s % ()
A future single observation y' at X = z has prediction error Je— 1
which has variance var () + o2

are each t,,_,.

The 95% prediction interval fory at X =z is §, + tn_z'o,os\/{vm) + o2 }



THE STANDARD NORMAL DISTRIBUTION FUNCTION

TABLE OF THE STANDARD NORMAL CDF

STANDARD NORMAL DENSITY
-3.0 -2.0 -1.0 0.0 1.0 20 3.0
4
Entries in table are probabilities p such that ®(z)=p
4 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5359
0.1 0.5398 0.5438 0.5478 0.8517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753
0.2 05793 0.5832 0.5871 0.5910 05948 05987 0.6026 0.6064 06103 0.6141
03] 06179 06217 06255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517
0.4 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879
0.5 0.6815 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224
0.6 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549
0.7/ 0.7580 0.7611 0.7842  0.7673 * 0.7704 07734 0.7764 0.7794 07823 0.7852
0.8 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133
0.9 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389
1.0 0.8413 0.8438  0.8461 0.8485  0.8508  0.8531 0.8554  0.8577 0.8599  0.8621
1.1 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830
1.2 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015
1.3 09032 09049 0.9066 0.9082 0.9099 0.9115 0.9131 09147 09162 09177
14| 09192 09207 09222 09236  0.9251 0.9265 0.9279 0.9292 09306 0.9319
1.5 0.9332 0.9345 0.9357 0.9370 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441
1.6 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545
1.7 0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633
1.8] 0.9641 0.9649 09656 09664  0.9671 09678 09686 0.9693 0.9699 0.9706
1.9 0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767
20/ 09772 09778 09783 09788 09793 09798 0.9803 0.9808 0.9812 0.9817
21 0.9821 09826 0.9830 09834 0.9838 09842 0.9846 0.9850 0.9854 0.9857
22| 09861 09864 09868 0.9871 09875 0.9878  0.9881 0.9884  0.9887 0.9890
2.3 0.9893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916
2.4 0.9918 0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.8936
2.5 0.9938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952
2.6 0.9953 0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9964
2.7 0.9965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974
2.8 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981
2.9 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986
3.0) 09987 09987 09987 0.9988 09988 009989 0.9988 0.9989 0.9990  0.9990
3.1 0.9990 0.9991 0.9991 0.9991 0.9992 0.9992 0.9992 0.9992 0.9993 0.9993
3.2 0.9993 0.9993 0.9994 0.9994 0.9994 0.9994 0.9994 0.9995 0.9995 0.9995
3.3 0.9995 0.9995 0.9995 0.9996 0.9998 0.9996 0.9996 0.9996 0.9996 0.9997
3.4 0.8997 0.9997 0.8997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9998



Entries in table are ordinates x such that F(x)=p where F(.) is the Student cdf

p
D.of F. 0.8 0.9 0.95 0.975 0.99 0.995 0.999
1 1.3764 3.0777 63137 127062 31.8210 63.6559 318.2888
2 1.0607 1.8856 2.9200 4.3027 6.9645 9.9250 22.3285
3] 09785 1.6377 23534 3.1824 45407 58408 10.2143
4 09410 15332 21318 27765 3.7468 4.6041 7.1729
5 0.9195 1.47589 20150 25706 3.3649 4.0321 5.8935
6| 0.8057 1.4398 1.9432 24469 3.1427 3.7074 5.2075
7| 0.8960 1.4149 18946 23646 2.9979 3.4995 47853
8| 0.8889 13968 18595 23060 28965 3.3554 4.5008
9| 0.8834 1.3830 1.8331 22622 28214 3.24¢98 4.2969
10 0.8791 1.3722 1.8125 2.2281 2.7638 3.1693 4.1437
1 08755 1.3634 179589 22010 27181 3.1058 4.0248
12| 0.8726 1.3562 17823 21788 26810 3.0545 3.9296
13] 0.8702 13502 1.7709 2.1604 26503 3.0123 3.8520
14 0.8681 1.3450 1.7613 21448 26245 29768 3.7874
15 0.8662 1.3406 1.7531 21315 26025 29467 3.7328
16| 0.8647 13368 1.7459 2.1199 25835 2.9208 3.6861
17} 0.8633 1.3334 17396 2.1098 2.5669 2.8982 3.6458
18{ 0.8620 1.3304 1.7341 21009 25524 28784 3.6105
19 0.8610 1.3277 1.7291 20930 25395 2.8609 3.5793
20| 0.8600 1.3253 1.7247 20860 25280 28453 3.5518
21 0.8591 13232 1.7207 20796 25176 28314 3.5271
22{ 0.8583 1.3212 1.7171 20739 25083 28188 3.5050
23] 0.8575 1.3195 17139 ° 2.0687 24993 2.8073 3.4850
24| 08569 1.3178 17109 20639 24922 27970 3.4668
25 0.8562 1.3163 1.7081 20595 2.4851 27874 3.4502
26] 0.8557 1.3150 1,706 2.0555 2.4786 2.7787 3.4350
27| 0.8551 1.3137 1.7033 20518 24727 27707 3.4210
28| 0.8546 1.3125 1.7011 20484 2.4671 2.7633 3.4082
29| 08542 13114 16991 20452 2.4620 2.7564 3.3963
30| 08538 1.3104 1.6973 20423 24573 2.7500 3.3852
31 0.8534 1.3085 1.6955 20395 24528 2.7440 3.3749
32{ 0.8530 1.3086 1.6939 2.0369 24487 27385 3.3653
33] 08526 13077 16924 20345 24448 27333 3.3563
34| 0.8523 1.3070 1.6909 20322 2.4411 2.7284 3.3480
35] 0.8520 1.3062 16896 2.0301 24377 27238 3.3400
36} 0.8517 1.3065 1.6883 2.0281 24345 27185 3.3326
371 0.8514 13049 16871 20262 24314 27154 3.3256
38 0.8512 1.3042 16860 2.0244 24286 27116 3.3190]
39 0.8509 1.3036 1.6849 2.0227 24258 2.7079 3.3127|
40] 0.8507 1.303t 16839 20211 24233 2.7045 3.3069
41 0.8505 13025 1.6829 20195 24208 27012 3.3012
42| 08503 13020 16820 2.0181 24185 26981 3.2959
43| 0.8501 1.3016 16811 20167 24163 2.6951 3.2909
44| 08489  1.3011 16802 20154 24141 26923 3.2861
45| 0.8497 13007 1.6794 2.0141 24121 26896 3.281§)
45| 08495 1.3002 16787 20129 24102 26870 3.277%
47 08493 12998 16779 20117 24083 2.6846 3.2729
48 0.8492 1.2994 1.6772 2.0106 2.4066 2.6822 3.2689
49 0.84380 1.2991 1.6766 2.0096 24049 2.6800 3.2651
60| 0.8489 12987 16759 20086 24033 26778 3.2614
851 08482 1,297 16730 20040 23961 2.6682 3.2451
60] 0.8477 1.2958 16706 2.0003 2.350t 2.6603 3.2317|
65! 08472 12947 16686 19971 23851 26536 3.2204
70} 0.8468 12938 16669 1.9944 23808 2.6479 3.2108
75| 0.8464 1.2928 1.6654 1.9921 23771 25430 3.2024
80| 0.8461 12822 1.66841 1.8801 23739 2.6387 8.1952
85] 0.8459 1.2816  1.6630 1.9883 23710 26349 3.1889
90| 0.8456 1.2910 16620 1.8867 23685 26316 3.1832
95| 08454 12905 1.6611 18852 23662 26286 3.1783
100] 0.8452 1.2901 16602 1.9840 23642 26259 3.1738
150] 0.8440 1.2872 1.6551 19759 23515 2.6090 3.1456
200f 0.8434 1.2858 1.6525 1.9719  2.3451 2.6006 3.1315
2501 0.8431 12849 16510 19695 2.3414 2.5956 3.1231
- 0.8416 1.2816 1.6449 1.9600 2.3263  2.5758 3.0902]

Tables of the Student-t distribution
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