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SECTION A

1. (i) Express each of the following complex numbers in the form

and y real) :
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z + iy (with

1
} .
L
() i3
(d) cos1i.
(i1} Find all the solutions of the equation coshz = 2i.

Give your answer in the form

2. (i) If y=sec 'z (where sec™

and hence that

(il) Use Leibniz’s Rule to find

(iil) (a) Evaluate the limit lim [—
z—0
You may assume that

(b) Evaluate the limit lim

z—0

z=gz+iy (with z and y real).

z is the inverse function of sec ), show that

dy
— = cosy coty
dz
dy _ 1
dr  zva?-1~

dim; (:v2 ez/z) .

(tanx)? } '

xT

sin x

lim -—— = 1.
0 X

ERr=1
x* er —1 ]
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3. (i) Use standard tests to determine whether the following series converge or

diverge :
X nd > nl
(a) > on (b) > 3om
n=1 n=1
(ii) Find the intervals of convergence for the following series and investigate the
endpoints :
00 21 o0 ne
(-1)*z e
(a) > T (b) > TR
n=1 n=1

(iii) Find the Maclaurin Series for e~ cosz up to the third non-zero term.

You may use without proof the series for cosz and e*.

4. (i) Using integration by parts, find / Inxdx.

(ii) Using integrating factors, find the general solution of the differential equation

Z—Zerln:r:x_

(iii) Find the general solution of the diferential equation

d_y x? + y?

dr  2x?
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5. (i) Find the solution of the differential equation
dy
2
6 9) —= = 4/16 —y?,
(z* + 6z + 9) Iz y

subject to the condition x =0 at y =0.

(ii) Find the general solution of the 2nd order differential equation

PLEASE TURN OVER
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SECTION B

6. (i) If z =s%t and y = s+ et and f is a function of z and y, then

f of . . of of
express 35 and 5 n terms of 3z and —ég
Hence, or otherwise, find ? and %f— when f(z, y) = zy + ye™~
s

and express your answer in terms of s and ¢.

(ii) Find the stationary points of the function

flz,y) = 2® + y* — 6zy

and determine their nature.

7. The Laplace transform of a function f(t) is given by
© st
L(f(t)) = F(s5) = /0 e * f(t)dt .
(i) Find L(cosat).

(il) Use Laplace transforms to solve the simultaneous differential equations

d?z
@ = VTR
d2y
@ T T

where = and y are functions of t satisfying the conditions

z(0) =2, 4(0) =0, y0) =4, Y0 =0,

You may use the fact that L(F"(t)) = s2L(f(t)) — sf(0) — f'(0).
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8. The function f(x) has period 27 and satisfies
flx) = 2 for —-n<z<m.

Sketch the graph of f(z) and calculate the Fourier series for f(z).

Deduce that

1 1+1 1+ =
22 32 42 12

By differentiating your Fourier series, deduce that
o0 ¢
T = Z (1" Zosinnz for —w<z<T.

n—1 T

9. (i) A set of simultaneous equatiors takes the form Ax = b where

15 2 T by
A = 2 6 9 , X = 1) y b = b2
3 8 15 I3 bs

Use Gaussian elimination to find the solution for z, 3, and z3 in terms
of b1, by and bs.

(ii) Given the matrices

1
s (22). eog (1)
find the inverse, P~! of P and hence obtain the matrix
L = P'BP.
Show that for every positive integer n we have
D" = P7'B"P.

Hence evaluate B5 .

END OF PAPER
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