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Special Information for the Invigilators: NONE

Information for Candidates:

1. Sub-sampling by an integer N:

zl] — Z X () = Z X(Whz'M),
k=0 k—O
where
Wk = e—327k/N

2. Poisson Summation formula:

oo =]

Y elt-n)= ) @rk)e™™,

n=-oc k=—co

3. Geometric Series:

= 1
S <1,
;p oy ol

4. Admissible Scaling Function:
A function ¢(t) is an admissible scaling function of Lz(R) if and only if it
* satisfies the three following conditions:
(a) Riesz basis criterion: there exists two constants 4 > 0 and B < +00

such that
A< |pw+2m)P < B

neZ
(b) Two scale relation

=v2)_ golklp(2t - k)

kel

Y (t-k)=1.

keZ

(c) Partition of unity
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The Questions

1. Consider the four-channel filter bank shown in Figure 1
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Figure 1: Four-channel filter bank.

(a) Express X (z) as a function of X(z) and the filters. Then, derive the
four perfect reconstruction conditions the filters have to satisfy.

. H

(b) Assume that Go(z) = 3(1+271+272+27%), and Gy(2) = (1 +271 -
272 — z73), design two four-taps filters G2(2) and G3(z) such that the
following conditions are satisfied:

(g:[n], gjln — 4k]) =6 -0 1,7=0,1,2,3 and k € Z.
[6]

(¢) Given the synthesis filters g;[n] of part, (b), choose H;(z) = Gi(z71),
for i =0,1,2,3. Now, the filter bank is iterated on the Hy branch to
form a 2-level decomposition. Draw either the synthesis or the analysis
filter bank of the equivalent 7-channel filter bank clearly specifying all
the transfer functions and downsampling factors.

[6]
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2. Consider the two-channel filter bank of Figure 2.

¥o[n]
x[n] i . . il I
1 —(2) 22~ o

Figure 2: Two-channel filter bank.

(a) Assume that Go(z) = 535(1 +27")(1 + 2) and assume that Ho(z) =
(1+ 2)(1 + 27Y)B(2). Determine the shortest symmetric polynomial
B(z) such that P(z) + P(—2) = 2, where P(z) = Ho(z)Go(2)-

[8]

(b) Given the filters Go(z) and Ho(z) of part (a), design the filters Hi(2)
and Gi(z) in order to have a perfect reconstruction biorthogonal filter
bank.

[6]

(c) Based on the polynomial P(z) of part (a), construct an orthogonal
filter bank.

[6]
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3. Assume that two functions q(¢) and ¢, (t) are valid scaling functions. Show
that the function ¢,(t) = @o(t) * () given by the convolution of o(t)
with ¢ (t) satisfies:

(a) The partition of unity:

(==}

Z pa(t —n) =1

(Hint: Use Poisson sum formula).
[7]
(b) The two-scale equation:

csz(t) = \/§Zgg[n1(p2(2t -n).

[7]

(c) Now assume that @o(t) = Bo(t) and ¢:(t) = Bi(t), where fo(t) is
the box function with Fourier transform fo(w) = 1“3.:’:” and f(t) =
Bo(t) * Bo(t). Thus, @a(t) = Bo(t) * B1(t). Find the exact expression of
the filter go[n] that leads to the two-scale equation:

©a(t) = ﬁzgz[ﬂ]¢2(2f - n).

[6]
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4. Consider the system shown in Figure 3

x{n]‘_@m H) y[n] 6@ @ _j[nl

Figure 3: An interpolator.

(a) What does the product filter P(2) = H(z)G(2) have to satisfy in order
to have perfect reconstruction such that &[n] = z[n]?

4

(b) Assume that H(z) = (272 + z7' + 1+ z + 2°). Find the shortest
symmetric filter G(z) such that perfect reconstruction is achieved.

[4]
(c) Now assume that H(z) = (142 + 22 + 2%). Design G(z) so that the
output X(z) =0.
[4]
(d) Infinite products and Haar scaling function

i. Consider the following product:

pi= Hﬂbk 8] <1,
k=0

show that lim; oo p; = a/(~9),

[4]
i, Assume that My(w) = Go(e?)/v/2 where Go(e) = (1+e7)/V2
is the Haar low-pass filter. Show that

lim g My(w/2%) = e-fwﬂs—i%‘}iz{i).

=00

Hint: Use the identity cos(w) = sin(2w)/2sin(w).
[4]
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